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ÖZET

<DVDODUÕ� deterministik anlamda bilinen olaylarla ilgili NDUúÕODúWÕ÷ÕPÕ]� problemlerin

oR÷XQGD�� olaylardaki GH÷LúNHQOHULQ� GH÷HUOHUL� ELOLQGL÷LQGH�� probleme kesin ve tek bir

çözüm bulunabilir. Buna NDUúÕOÕN, bütün DQODPOÕ KDEHUOHúPH LúDUHWOHUL, DOÕFÕ uçtan

L]OHQGL÷L gibi tahmin edilemez veya UDVODQWÕVDOGÕU ya da sadece oldukça NDUPDúÕN

denklemlerle ifade edilebilmekte ve çözümü için de çok uzun ve \R÷XQ LúOHPOHU \DSÕOPDN

zorunda NDOÕQPDNWDGÕU. Mühendislikte de bu NDUPDúÕN denklemlerin çözülebilmesi için

oDOÕúPDODU \DSÕOPDNWDGÕU.

Bu tezin \DSÕOPDVÕQGDNL amaç, elektromanyetik problemlerde boyutu DUWWÕNoD çözülmesi

J�oOHúHQ ve oldukça KÕ]OÕ GH÷LúHQ NDUPDúÕN integrallere ve integral GH÷HULQLQ EXOXQPDVÕ

gereken ama tam olarak deterministik bir ifadesi EXOXQDPDGÕ÷ÕQGDQ, sadece RODVÕOÕNVDO

olarak ifade edilebilen IRQNVL\RQODUÕQ çözümünde Monte Carlo integral alma yönteminin

uygulanabilir olup ROPDGÕ÷ÕQÕQ DUDúWÕUÕOPDN istenmesidir.

Monte Carlo yöntemi, kimyadan WHUPRGLQDPL÷H�ve atom IL]L÷LQH�kadar pek çok alanda

EDúDUÕ�ile uygulanan ve oldukça iyi sonuçlar elde edilen bir \DNODúÕP�ve tekniktir. Bu

yöntem ile ilgili, oHúLWOL alanlarda pek çok literatür ROXúPXúWXU.

Öncelikle, yöntemimizi uygulayabilmemiz ve daha iyi anlayabilmemiz için RODVÕOÕNVDO

kavramlar üzerinde GXUXOPDVÕ gerekmektedir. Bu nedenle, Bölüm 2'de, ortalama, varyans

ve Monte Carlo yönteminin temelini ROXúWXUDQ�merkezi limit teoreminden EDKVHGLOPLú�ve

yöntemin temelinin GD\DQGÕ÷Õ�PDQWÕN�DoÕNODQPÕúWÕU�

Bölüm 3'te ise, Monte Carlo integral alma yönteminin HVDVODUÕQGDQ� EDKVHGLOPLú� ve

büyük elemanlar WRSOXOX÷XQXQ�özelliklerinin, rasgele elemanlar seçilerek ROXúWXUXOPXú�bir

alt kümesi DUDFÕOÕ÷Õ� ile oÕNDUÕODELOHFH÷L� DoÕNODQPÕúWÕU�� 0RQWH� Carlo'nun dört temel
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\DNODúÕP�modeli üzerinde durularak, modelleme KDNNÕQGD�bilgiler YHULOPLúWLU��Bahsedilen

bu modeller; reddetme (rejection - hit & miss), ortalama (averaging), kontrol GH÷LúNHQL

(control variates) ve önem örneklemesi (importance sampling) yöntemleridir.

Yöntemin X\JXODQÕúÕQÕ anlatabilmek için, Monte Carlo integral alma yöntemleri, Bölüm

4'te, yöntem öncelikle sonucu bilinen belirli integrallere X\JXODQPÕú ve belirli bir integral

alma yöntemi ile çözüme gidilerek, analitik yöntemle rasgele bir yöntem olan Monte

Carlo yöntemi NDUúÕODúWÕUÕOPÕúWÕU. Böylelikle, yöntemin X\JXODQDELOLUOL÷L ve YHULPOLOL÷L

KDNNÕQGD genel bir fikir elde edilerek, sonuca ne kadar \DNODúÕOGÕ÷Õ J|U�OP�ú ve analitik

integral alma yöntemlerinin hata büyüklükleri ve yöntemimizde meydana gelen hata

büyüklükleri LUGHOHQPLúWLU. Çözüme gidilirken dikkat edilmesi gereken noktalar ve en iyi

çözümün ne úHNLOGH� elde HGLOHFH÷L� WDUWÕúÕOPÕú� ve önceden �UHWLOPLú� örnek grubunun

GH÷LúLN� büyüklüklerde örnek grubuna bölünerek incelenmesi ve bunun etkilerinden

EDKVHGLOPLúWLU�

Buradan elde edilen sonuçlardan, Monte Carlo integral alma yönteminin ancak integral

boyutunun 4. dereceden büyük olan integaller için DYDQWDMOÕ�sonuçlar YHUHELOHFH÷L�ve daha

G�ú�N� boyutlu integraller için, VD\ÕVDO� tekniklere göre hassasiyetinin G�ú�N� ROGX÷X

DQODúÕOPÕúWÕU��Buradan da, Monte Carlo yönteminin, belirli bir úHNLOGH� formül ile ifade

edilebilen ve boyut VD\ÕVÕ�az olan integraller için verimli ROPDGÕ÷Õ�sonucuna YDUÕOPÕúWÕU�

Maalesef ki, ilgilenilen elektromanyetik problemlerdeki integrallere bu yöntemin

X\JXODQPDVÕ pek DYDQWDMOÕ RODPD\DFD÷Õ çok DoÕNWÕU. Bu nedenle integral çözümleri yerine,

Monte Carlo yönteminin ve \DNODúÕPÕQÕQ elektromanyetik problemlere ne úHNLOGH

X\JXODQGÕ÷Õ DUDúWÕUÕODUDN, yöntemin RODVÕOÕNVDO ve GR÷DGDNL ROD\ODUÕQ incelenmesinde ne

kadar verimli ROGX÷XQGDQ Bölüm 5'te EDKVHGLOPLúWLU. Monte Carlo \DNODúÕPÕ� ile tekrar

edilerek RUWDODPDVÕ� DOÕnan problemlerin VRQXoODUÕQÕQ��gerçek GH÷HUOHUOH�oldukça |UW�ú�U

bir úHNLOGH�oÕNWÕ÷Õ�J|U�OP�úW�U�

Bu yöntem özellikle, elektromanyetikte, ortam parametrelerinin rasgele GH÷LúLPLQLQ

FDQODQGÕUÕOPDVÕ�� VDoÕOPDQÕQ� meydana JHOHFH÷L� rasgele yüzeylerin üretilmesi, rasgele

VÕQÕUODUÕQ� belirlenmesi ve bir sistemin genel SHUIRUPDQVÕQÕQ� belirlenmesindeki

hesaplamalarda \R÷un olarak NXOODQÕODQPDNWDGÕU�

Monte Carlo WHNQL÷L RODVÕOÕNVDO temelli bir yöntem ROGX÷XQGDQ GROD\Õ, çok fazla hesaba

ve rasgele RUWDPODUÕ modelleyebilecek rasgele VD\Õ\D ihtiyaç GX\PDNWDGÕU. Bunun için de
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güçlü bilgisayarlara ve ideal rasgele VD\Õ üreteçlerine ihtiyaç GX\PDNWDGÕU. Günümüzde,

ELOJLVD\DUODUÕQ KÕ]ODQPDVÕ ile RODVÕOÕNVDO temelli rasgele LúOHPOHULQ çözümünde verimli bir

yöntem haline gelmektedir.

Monte Carlo WHNQL÷L��basit UDVODQWÕVDO� LúOHPOHUH� ve çok boyutlu integrallere uygulanan,

beklenen GH÷HUOHULQ� tahmin edilmesinde etkili ve gerekli bir tekniktir. Bu teknik, çok-

boyutlu integraller için, analitik formüllerden daha verimli bir tekniktir. $\UÕFD�� özel

problemlere RODVÕOÕNVDO� olarak UDKDWOÕNOD� adapte edilebilir ve belirli integrasyon

formüllerinin ROPDGÕ÷Õ�� standart analitik tekniklerle çözülmesi verimsiz olacak, çok

karmaúÕN�problemlere UDKDWOÕNOD�uygulanabilirdir.
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IMPLEMENTATION OF MONTE CARLO TECHNIQEU TO NUMERICAL
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SUMMARY

An absolute and a unique solution may be found for the problems that we face, related to

the events, whose rules are known by deterministic means, if and only if the values of the

variables in the event are known. All meaningful communication signals, as observed in

the receiver side, can not be guessed or can be stochastic or only be expressed by highly

complex equations and very long and detailed processes must be done for the solution. In

order to solve such complex equations, studies are being done in engineering.

The aim of this thesis is to examine whether the Monte Carlo integration method can be

applicable or not in electromagnetic problems where the solution for a complex integral

becomes difficult as it changes very fast and its dimension increases and  where the

solution for an integral is required that can only be expressed by a probabilistic function

without any deterministic expression.

Monte Carlo method is an approximation and a technique which is applied, with great

success, to various fields from chemistry to thermodynamics and atom physics and yields

good results.

In order to apply our method and understand it better, we have to emphasize on some

probabilistic terms. For this reason, mean, variance and the limit theorem which makes

the fundamentals of Monte Carlo method, are introduced and the principles (logic) that

the method is supported by are explained.

In the third section, the basics of the Monte Carlo integration method is introduced and

how the characteristics for an unlimited element set can be observed by a subset of

randomly chosen elements. The four main application models of Monte Carlo which are
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rejection - hit & miss, averaging, control varieties and importance sampling method are

introduced and explained.

In order to explain the application of the method, Monte Carlo integration methods are

first applied to definite integrals whose results are known and then the calculation from

the analytic method is compared with the random Monte Carlo method, in Section Four.

So the knowledge of applicability and the efficiency of the method is gained, how close

to the real results are observed and the errors between them are compared. The key points

for the best result and how to get it, are discussed and the effects of dividing the

predefined sample group into various smaller sample groups, are studied.

From the previous result it is understood that the Monte Carlo integration method is not

applicable to the integrals with four or smaller order dimensions but higher orders and

that they have a lower sensitivity compared with the numerical techniques. As a result,

the method is not efficient for smaller order integrals, is expressed.

Unfortunately, it is obvious that the method has no advantage for the concerned

electromagnetic problems. For this reason, instead of integral solutions, the adaptation of

the Monte Carlo method and approximation to the electromagnetic problems are studied,

and its efficiency in research of probabilistic and natural events are mentioned.

Especially in electromagnetics, this method is widely used for simulation of random

variations, production of random rough surfaces where scattering occurs, determination

of random boundaries and calculations to determine a general performance of a system

Since the Monte Carlo technique is based on a probabilistic method, it requires too many

calculations and random numbers to model random mediums. For this reason it requires

powerful computers and ideal random number generators. The speed improvement in

computer science allows it to be an efficient way for the solutions of probabilistic based

random process.

Finally, Monte Carlo is a necessary and an effective technique to guess the mean values

of simple random process and high-order integrals. This technique is more efficient for

higher-order integrals than analytic formulas. In addition, Monte Carlo technique can be

easily adaptable to special problems because of its probabilistic behavior. Although,
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analytic technique are not useful for the solutions of complex problems without a

formulary expression, Monte Carlo technique can be used efficiently.
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1. *ø5øù

<DVDODUÕ� GHWHUPLQLVWLN� DQODPGD� ELOLQHQ� ROD\ODUOD� LOJLOL� NDUúÕODúWÕ÷ÕPÕ]� SUREOHPOHULQ

oR÷XQGD��ROD\ODUGDNL�GH÷LúNHQOHULQ�GH÷HUOHUL�ELOLQGL÷LQGH��SUREOHPH�NHVLQ�YH�WHN�ELU

o|]�P� EXOXQDELOLU�� %XQD� NDUúÕOÕN�� E�W�Q� DQODPOÕ� KDEHUOHúPH� LúDUHWOHUL�� DOÕFÕ� XoWDQ

L]OHQGL÷L� JLEL� WDKPLQ� HGLOHPH]� YH\D� UDVODQWÕVDOGÕU��<D� GD� VDGHFH� ROGXNoD� NDUPDúÕN

GHQNOHPOHUOH� LIDGH� HGLOHELOPHNWH� YH� o|]�P�� LoLQ� GH� oRN� X]XQ� YH� \R÷XQ� LúOHPOHU

\DSÕOPDN� ]RUXQGD� NDOÕQPDNWDGÕU�� 0�KHQGLVOLNWH� GH� EX� NDUPDúÕN� GHQNOHPOHULQ

o|]�OHELOPHVL�LoLQ�oDOÕúPDODU�\DSÕOPDNWDGÕU�

6RQ� ��� \ÕOGD� ELOJLVD\DU� KÕ]� YH� EHOOHNOHULQGHNL� JHOLúPHOHUH� YH� KHUNHVLQ� oDOÕúPD

PDVDVÕQGD� NROD\FD� HULúHELOHFH÷L� 3&�SHUVRQHO� FRPSXWHU� �� NLúLVHO� ELOJLVD\DU�’lerin

\D\JÕQODúPDVÕQD� NRúXW� RODUDN� IL]LNVHO� SUREOHPOHULQ� VD\ÕVDO� WHNQLNOHUOH� o|]�P�

EHOLUJLQ� ELU� |QFHOLN� ND]DQPÕúWÕU�� *�Q�P�]GH� VD\ÕVDO� WHNQLNOHU� VDGHFH� NDUPDúÕN

GHWHUPLQLVWLN� SUREOHPOHUH� GH÷LO�� LVWDWLVWLNVHO� KDWWD� VWRNDVWLN� �]DPDQOD� GH÷LúHQ

istatistiksel özellik) SUREOHPOHUH�GH�X\JXODQÕU�ROPXúWXU��%X�X\JXODPDODU���HQ�EDVLW�ELU

LQWHJUDO�DOPDGDQ�oRN�NDUPDúÕN��VLVWHP�EHQ]HWLPOHULQH�NDGDU�X]DQDELOPHNWHGLU�

6RQ� \ÕOODUGD� ELU� oRN� NDUPDúÕN� SUREOHPLQ� o|]�P�QGH� 0RQWH� &DUOR� WHNQL÷LQLQ� DGÕ

JHoPHNWHGLU��øVWDWLVWLNVHO�IL]LN��LVWDWLNVHO�PHNDQLN��WHUPRGLQDPLN��Q�NOHHU�IL]LN��X]D\

ELOLPOHUL�YH�HOHNWURPDQ\HWLN� JLEL� oRN�GH÷LúLN�GLVLSOLQOHUGH�0RQWH�&DUOR�DQODPÕQGD

benzetim �VLP�ODV\RQ�� WHNQLNOHULQGHQ� V|]� HGLOPHNWHGLU�� %X� oDOÕúPDGD�0RQWH�&DUOR

DQODPÕQGD� EHQ]HWLP� HOH� DOÕQPÕú� YH� |]HOOLNOH� HOHNWURPDQ\HWLN� SUREOHPOHUH

X\JXODQPDVÕ��]HULQGH�GXUXOPXúWXU�

0RQWH� &DUOR� WHNQL÷L� QHGLU"� +DQJL� WLS� HOHNWURPDQ\HWLN� SUREOHPOHU� EX� WHNQLNOH� HOH

DOÕQPDNWDGÕU"� 7HNQL÷LQ� VD÷ODGÕ÷Õ� �VW�QO�NOHU� QHOHUGLU"� (OH� DOÕQDQ� SUREOHPOHU

GHWHUPLQLVWLN� \|QWHPOHUOH� o|]�OHPHGLNOHULQGHQ� PL� 0RQWH� &DUOR� WHNQL÷LQH

EDúYXUXOPDNWDGÕU"� <RNVD� GHWHUPLQLVWLN� WHNQLNOHUOH� GH� o|]�OHELOLU� ROPDVÕQD� NDUúÕQ

0RQWH� &DUOR� WHNQL÷L� E�\�N� �VW�QO�N� VD÷ODGÕ÷Õ� LoLQ� PL� WHUFLK� HGLOPHNWHGLU"� %X� YH



2

EHQ]HUL� VRUXODUÕQ� \DQÕWODUÕQÕQ� YHULOHELOPHVL� KHUNHVLQ� GLOLQGH� RODQ� DQFDN� QHW� LIDGH

HGLOHPH\HQ�0RQWH�&DUOR�EHQ]HWLPLQLQ�DoÕNoD�DQODúÕOPDVÕ�LoLQ�]RUXQOXGXU�

0RQWH� &DUOR� WHNQL÷L� VD\ÕVDO� ELU� WHNQLNWLU�� <�NVHN� KÕ]GD� YH� EHOOHNWH� ELOJLVD\DUODU

JHUHNWLULU�� $QFDN� GHWHUPLQLVWLN� ELU� LIDGHQLQ� VD\ÕVDO� o|]�P�� LOH� NDUÕúWÕUÕOPDPDOÕGÕU�

o�QN��0RQWH�&DUOR�GHWHUPLQLVWLN�ELU�WHNQLN�'(öø/'ø5��gUQH÷LQ��>±π@�DUDOÕ÷ÕQGD�ELU

WULJRQRPHWULN�IRQNVL\RQXQ��\DPXN�NXUDOÕQD�J|UH�VD\ÕVDO�LQWHJUDOLQ�KHVDSODQPDVÕ�ELU

VD\ÕVDO� KHVDSODPDGÕU�� DQFDN� GHWHUPLQLVWLN� ELU� KHVDSODPDGÕU�� 0RQWH� &DUOR

GHWHUPLQLVWLN� ELU� WHNQLN� ROPDPDVÕQD� NDUúÕQ� GHWHUPLQLVWLN� YH� VWRNDVWLN� SUREOHPOHUH

uygulanabilir.

0RQWH� &DUOR� \|QWHPL�� RODVÕOÕNVDO� WHPHOOHUH� GD\DOÕ�� PDWHPDWLNVHO� YH\D� IL]LNVHO

SUREOHPOHUL�o|]PH\L�KHGHIOH\HQ�ELU� \|QWHPGLU��3UREOHPOHULQ�o|]�P�QGH�RODVÕOÕNVDO

ELU� EHQ]HUOLN� NXUXOPD\D� oDOÕúÕOÕU�� 'HQH\VHO� |UQHNOHPH� WHNQLNOHUL� NXOODQÕOÕU�

0DWHPDWLNVHO� ELU� PRGHO� NXUXOPD\D� oDOÕúÕOGÕ÷ÕQGDQ� \|QWHP�� UDVODQWÕVDO� V�UHoOHUOH

WDQÕPODQDQ� IL]LNVHO� GHQH\OHUH� GDKD� \DNÕQ� ELU� \|QWHPGLU�� 0RQWH� &DUOR� \|QWHPL�

NDUPDúÕN� YH� oRN� HOHPDQOÕ� VLVWHPOHULQ� HOH� DOÕQPDVÕQGD� J�oO�� ELU� \|QWHPGLU�

0DWHPDWLN� IRUP�OOHUGHQ� ]L\DGH�� NDUPDúÕN� PRGHOOHULQ� FDQODQGÕUÕOPDVÕ� \ROX\OD

modelleme yapan bir tekniktir.

"Monte Carlo"  terimi, ismini Monaca’nun kumarhaneleri ile ünlü Monte Carlo

úHKULQGHNL� UXOHW� R\XQODUÕQGDQ� DOPDNWDGÕU�� 5XOHW� R\XQX�� GH÷LúLN� UHQNOHU� YH� VD\ÕODU

EXOXQDQ� ELU� GLVNWLU�� 'LVN� ELU� \|QGH� KÕ]OD� G|QG�U�O�UNHQ�� N�o�N� ELU� PHWDO� WRS� DNVL

\|QGH� GLVN� �]HULQGH� G|QG�U�O�U�� %LU� V�UH� VRQUD� WRS� ELU� UHQN� YH� VD\ÕGD� GXUXU�

0DWHPDWLNVHO�RODUDN� UXOHW�GLVNL��PHNDQLN�ELU� UDVJHOH� VD\Õ��UHWHFLQGHQ�EDúND�ELU� úH\

GH÷LOGLU��0RQWH� &DUOR� WHNQL÷L� GH� WHPHOGH� UDVJHOH� VD\Õ� �UHWLPLQH� GD\DQGÕ÷ÕQGDQ� EX

LVLP�YHULOPLúWLU�

1H�WLS�SUREOHPOHU�0RQWH�&DUOR�WHNQL÷L�LOH�HOH�DOÕQDELOLU"�øOJL�DODQÕPÕ]D�JLUGL÷LQGHQ�

0RQWH�&DUOR�WHNQL÷L�LOH�HOH�DOÕQDQ�SUREOHPOHU�HOHNWURPDQ\HWLN�D÷ÕUOÕNOÕ�VHoLOPLúWLU�

gUQH÷LQ�

• Dalga propagasyonu problemleri:

TANER
Highlight

TANER
Highlight

TANER
Highlight

TANER
Highlight

TANER
Highlight

TANER
Highlight
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%X� SUREOHPOHUGH� oR÷XQOXNOD� X]D\ÕQ� YH� ]DPDQÕQ� IRQNVL\RQX� RODUDN� �� \D� GD

GDKD�ID]OD�ER\XWOX�NDUPDúÕN�LQWHJUDOOHUOH�X÷UDúÕOÕU��øQWHJUDO�LoHULVLQGH�JHQHOGH

JHQOLN� YH� ID]� RODUDN� KÕ]OÕ� GH÷LúLPOHU� LoHUHQ� HOHNWULN� \D� GD� PDQ\HWLN� DODQ

GH÷LúNHQOHUL� V|]� NRQXVXGXU�� dR÷XQOXNOD� \DNODúÕNOÕNODU� \DSÕODUDN� EX

LQWHJUDOOHU�o|]�OHELOLU�GXUXPD�JHWLULOPH\H�oDOÕúÕOÕU��gUQH÷LQ�EHOOL�ELU�E|OJHGH

\D� GD� EHOOL� ELU� IUHNDQV� DUDOÕ÷ÕQGD� \D� GD� EHOOL� RUWDPODUGDNL� o|]�POHUOH

\HWLQPHN�]RUXQGD�NDODUDN��LQWHJUDOOHU�DQDOLWLN�\D�GD�VD\ÕVDO�RODUDN�o|]�OHELOLU�

$QFDN�JHQHOH�DLW�o|]�POHU��oR÷XQOXNOD�oRN�NDWOÕ�LQWHJUDOOHU�RODUDN�NDUúÕPÕ]D

oÕNDU��%X�GXUXPODUGD�� VD\ÕVDO� LQWHJUDV\RQ� WHNQLNOHUL� LOH� o|]�PH�XODúPDN�GD

KHPHQ� KHPHQ� RODQDNVÕ]GÕU�� g]HOOLNOH� LQWHJUDOOHUGH� ER\XW� VD\ÕVÕ� DUWWÕNoD

VD\ÕVDO�|UQHNOHPH�\ROX\OD�LQWHJUDO�DOPDN�RODQDNVÕ]ODúÕU��$QDOLWLN�o|]�POHULQ

EXOXQDPDGÕ÷Õ� (ölçülebilir, gözlemlenebilir büyüklükler cinsinden) ve

GHWHUPLQLVWLN�VD\ÕVDO�WHNQLNOHULQ�\HWHUVL]�NDOGÕ÷Õ�EX�GXUXPODUGD�0RQWH�&DUOR

WHNQL÷LQH� EDúYXUXOXU�� *�]HO� RODQ�� 0RQWH� &DUOR� WHNQL÷LQLQ� LQWHJUDV\RQ

ER\XWXQD�ED÷OÕ�RODUDN��HWNLQOL÷LQLQ�GH�DUWPDVÕGÕU�

0RQWH� &DUOR� WHNQL÷LQLQ� EDúDUÕ� LOH� X\JXODQDELOHFH÷L� GDOJD� SURSDJDV\RQX

problemlerinin en önemlisi atmosferde dalga iletimidir. Atmosferin yere

\DNÕQ� WDEDNDVÕ� �WURSRVIHU��� \XNDUÕ� WDEDNDODUÕ� �L\RQRVIHU�� WDPDPHQ� UDVODQWÕVDO

elektromanyetik karakter gösterirler. Bu ortamlarda propogasyonun

LVWDWLVWLNVHO� GDYUDQÕúÕQGDQ� V|]� HGLOHELOLU�� +DEHUOHúPH� P�KHQGLVOL÷LQGH

SURSRJDV\RQ� ND\ÕSODUÕ�� JLULúLP� JLEL� HWNLOHULQ� PLQLPXP� YH� PDNVLPXP

GH÷HUOHUL�HOGH�HGLOPH\H�oDOÕúÕOÕU�

7URSRVIHULN�GDOJDODU��KDYD� VDYXQPDVÕ��NDUDVDO�RUWDPODU�� \�]H\�DUDúWÕUPDODUÕ�

DHURGLQDPLF�YH�DHURVWDWLF�NXYYHWOHUH�GD\DQDQ�X\JXODPDODUGD�YH� IDUNOÕ� UDGDU

YH�KDEHUOHúPH�VLVWHPOHULQGH�\D\JÕQ�RODUDN�NXOODQÕOPDNWDGÕU��>���@

%X�WLS�GDOJDODUÕQ�\D\ÕOÕPODUÕ�NDUPDúÕN�ROGXNODUÕQGDQ��EX�SUREOHPOHULQ�DQDOLWLN

PRGHOOHQPHVL� ROGXNoD� ]RUGXU�� %X� QHGHQOH� EX� NRQX� �]HULQGH� \DSÕODQ

oDOÕúPDODU� JHQHOOLNOH� \DNODúÕN� o|]�POHU� �]HULQHGLU�� <DNODúÕN� ROPDODUÕQD

UD÷PHQ�� EX� o|]�POHUGHQ� HOGH� HGLOHQ� IL]LNVHO� DQOD\Õú�� NRPSOHNV� oHYUHOHUGH

GDOJD� \D\ÕQÕP� ROD\ÕQÕQ� DQODúÕOPDVÕQD� YH� WDPDPL\OH� VD\ÕVDO� WHNQLNOHUOH� HOGH

HGLOHQ� VRQXoODUÕQ� \RUXPODQPDVÕQD� \DUGÕPFÕ� ROPXúWXU��%X� oDOÕúPDQÕQ� DPDFÕ
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GD�� WURSRVIHULN� UDG\R� GDOJD� \D\ÕQÕPÕQÕQ� RODVÕOÕNVDO� GR÷DVÕQÕ� DQODPD\D

yöneliktir.

'L÷HU� \|QWHPOHULQ� \DQÕ� VÕUD�� Split Step Parabolik denklem (SSPE) ve

Geometrik Optik (GO)�� ELU� oRN� \D\ÕOÕP� PRGHOLQL� GH� LoHUPHN� �]HUH�� G�Q\D

\�]H\LQGHNL� IDUNOÕ� NÕUÕQÕP� SURILOOHUL� LoLQ�� GDOJD� \D\ÕQÕPODUÕQÕQ

oL]GLULOPHVLQGH�NXOODQÕODQ�HQ�\D\JÕQ�\|QWHPOHUGHQGLU�

7URSRVIHULN� UDG\R� GDOJDODUÕQÕQ� GHWHUPLQLVWLN� PRGHOOHQPHVL�� WHPHO� RODUDN�

\�]H\GHQ�LON�ELUNDo�NLORPHWUHGHNL��\�NVHN�NDOLWHGH��\�NVHN�o|]�Q�UO�NWH�ÕúÕQ

NÕUÕQÕP� (refractivity)� SURILOOHULQH� GD\DQÕU�� %X� KDVVDV� NÕUÕQÕP� SURILOOHUL�

JHQHOOLNOH� \D\ÕOÕP� |Oo�POHULQLQ� LVWDWLVWLNVHO� � DQDOL]L� LOH� HOGH� HGLOLU�� %X

PRGHOOHUL� NXOODQDUDN� JHUoHNoL� \D\ÕOÕP� WDKPLQL� \DSDELOPHN� LoLQ�� G�Q\DQÕQ

D\OÕN� YH�PHYVLPVHO� VWDQGDUW� KDULWDODUÕ�� DOW� YH� �VW� NÕUÕOÕPODUÕ� YH� NDQDO� (duct)

LVWDWLVWLNOHULQLQ�X]XQ�V�UHOL�\D\ÕOÕP�|Oo�P�YHULOHUL�NXOODQÕOPDOÕGÕU�

,úÕQ�NÕUÕQÕPÕ��EDVÕQo�P��VÕFDNOÕN�T�YH�VX�EDVÕQFÕ�W ölçümlerine dayanan, genel

ELU�IRUP�O�LOH�KHVDSODQÕU��%X�IRUP�O�úX�úHNLOGHGLU�

2

310.73,36,77

T

W

T

P
N

−

+= (1.1)

%�W�Q� EX� SDUDPHWUHOHU� LoLQ� ROGXNoD� KDVVDV� |Oo�POHU� \DSÕOPDVÕQD� UD÷PHQ�

GR÷UXOXN� OLPLWOHUL�� SURSDJDV\RQ� YDUVD\ÕPODUÕQÕQ� HúLN� GH÷HUOHULQLQ� QLFHOLNVHO

YH� QLWHOLNVHO� HWNLOHUL� PHUWHEHVLQGHGLU�� gUQH÷LQ� T∆ , P∆  ve W∆

ölçümlerindeki hassasiyet limitlerinin %1¶GHQ� N�o�N� ROGX÷X� ELU� GXUXPGD�

NÕUÕQÕP� LQGHNV� SURILOLQGH� 10-6¶OXN� ELU� GH÷LúPH� V|]� NRQXVX� RODELOLU�� %X

GH÷LúPH�� SURSDJDV\RQ� NDOLWHVLQGH� FLGGL� KDWDODUD� \RO� DoDELOLU�� <�NVHNOLN

NÕUÕQÕP�SURILOOHUL��SURSDJDV\RQXQ�VLQ\DO�J�F�QH�YH�\|Q�QH�HWNL�HGHU��'H÷LúLN

SURILOOHU� LoLQ� GH÷LúLN� VRQXoODU� HOGH� HGLOHELOLU� YH� NÕUÕQÕP� KHU� \HUGH� D\QÕ

ROPDGÕ÷ÕQGDQ�GROD\Õ�GH÷LúLN�\D\ÕOÕP�úHNLOOOHUL�GH�RUWD\D�oÕNDELOLU>�@�

øQFHOHQHQ�EX�oDOÕúPDGD��UDG\R�GDOJDODUÕQÕQ�NHVWLULPLQGH�\HQL�ELU� WHNQLN�RODQ

ÕVÕGDNL� YH�YH\D� EDVÕQoWDNL� VDSPDODUÕQ� RODVÕOÕNVDO� RODUDN� WDQÕPODQGÕ÷Õ�� JHQHO

split step parabolik denklemi (SSPE)� DOJRULWPDVÕ� NXOODQÕOPÕúWÕU�� gQFHOLNOH

SSPE� WHNQL÷L� NXOODQÕODUDN�� G�Q\D� \�]H\LQGHNL� IDUNOÕ� NÕUÕQÕP� SURILOOHUL� LoLQ
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\�NVHNOL÷LQ� GHWHUPLQLVWLN� ELU� IRQNVL\RQX� RODQ� GDOJD� \D\ÕOÕPÕ� oL]GLULOLU�� %X

LúOHP�� ELU� oRN� YHULFL� DQWHQ� SDWHUQL� YH� GH÷LúLN� \D\ÕOÕP�|]HOOL÷L� RODQ� E|OJHOHU

LoLQ�WHNUDUODQPÕúWÕU�

ùHNLO ��� ��� NP� X]DNOÕN LoLQ VWDQGDUW DWPRVIHU NÕUÕOPD LQGLVL LoLQ $QODWLN YH 3( \|QWHPLQLQ

VRQXoODUÕ

ùHNLO� ���¶GH� \�NVHNOLNOH� NÕUÕOPD� LQGLVLQLQ� D]DOPDVÕ� GXUXPXQGD� �VWDQGDUW

DWPRVIHU�NRúXOX��EHOOL�ELU�X]DNOÕNWD�\�NVHNOLNOH�DODQ�GH÷LúLPLQH�DLW�ELU�|UQHN

J|VWHULOPLúWLU�� %XUDGD� NÕUÕOPD� LQGLVL� SURILOLQLQ� KHU� \�NVHNOLNWH� VDELW� ROGX÷X

YDUVD\ÕOPDNWDGÕU��2\VD��JHUoHN�SUREOHPOHUGH�NÕUÕOPD�LQGLVL�SURILOL�GH�UDVJHOH

|]HOOLN�J|VWHULU���%X�GXUXPD�DLW��ELU�|UQHN�ùHNLO����¶GH�J|VWHULOPLúWLU�

ùHNLO ��� 6WDQGDUW DWPRVIHUGH ��ER\XWOX *DXVV J�U�OW�V� LoLQ ��� NP�
GHNL J�U�OW�V�] VRQXo YH
0RQWH &DUOR \DNODúÕPÕ LOH � NH] YH ��� NH] WHNUDUÕ VRQXFXQGD HOGH HGLOHQ VRQXoODU

ùHNLO����¶GHQ�J|U�OG�÷��JLEL� \�NVHNOLNOH�NÕUÕOPD� LQGLVLQLQ�GH÷LúLPL� VWDQGDUW

DWPRVIHU�NRúXOXQD�X\PDNOD�EHUDEHU�UDVJHOH�ELU�NDUDNWHU�J|VWHUPHNWHGLU��%HOOL
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ELU�RUWDODPD�GH÷HULQ�HWUDIÕQGD�NÕUÕOPD� LQGLVL�GDOJDODQPDNWDGÕU��'R÷DO�RODUDN

EXQXQ�GDOJD�SURSDJDV\RQXQD�\DQVÕPDVÕ�EHNOHQPHOLGLU��ùHNLOGHNL�DODQ�SURILOL

de bunu göstermektedir[1].

• 5DGDU�VLVWHPOHULQGH�GHQL]�YH�NDUDQÕQ�QHGHQ�ROGX÷X�VDoÕOPD�PRGHOOHUL�

5DGDU� SUREOHPOHUL� HOHNWURPDQ\HWLN� GLVLSOLQLQ� NDUPDúÕN� YH� JHQLú� X\JXODPD

DODQÕ�RODQ�ELU�GDOÕGÕU��1HVQHOHULQ�HOHNWURPDQ\HWLN�VDoÕFÕOÕ÷ÕQGDQ�\DUDUODQDUDN�

PHVDIH��KÕ]��JHRPHWUL�JLEL�SDUDPHWUHOHU�HOGH�HGLOPH\H�oDOÕúÕOÕU��*|QGHULOHQ�ELU

HOHNWURPDQ\HWLN�LúDUHW�QHVQHOHUH�oDUSDU��UDGDU�DOÕFÕVÕ�\|Q�QGH�VDoÕODQ�ELOHúHQ

DOÕQÕS�LúOHQHUHN�EX�SDUDPHWUHOHU�HOGH�HGLOLU��$PDFD�J|UH�GH÷LúLN�UDGDU� WLSOHUL

YDUGÕU��$QFDN�DPDFÕ�QH�ROXUVD�ROVXQ��UDGDU�VLVWHPOHULQGH�LOJLOHQLOHQ�QHVQHOHU�

KHGHI�� EXQX� GÕúÕQGDNL� E�W�Q� LúDUHWOHU� LVWHQPH\HQ� LúDUHWOHUGLU�� øVWHQPH\HQ

LúDUHWOHU� J�U�OW�� (noise)� YH� NDUJDúD� (clutter)� RODUDN� LNL\H� D\UÕOÕU�� g]HOOLNOH

NDUJDúD� YH� NDUJDúDGDQ� NXUWXOPD� |QHPOL� ELU� SUREOHPGLU�� gUQH÷LQ�� NDUDGD

NRQXoODQGÕUÕOPÕú� ELU� KDYD� VDYXQPD� UDGDUÕQGD� XoDN�� KHOLNRSWHU�� I�]H� JLEL

QHVQHOHU� KHGHI�� \D÷PXU� EXOXWODUÕ�� GD÷ODU�� WHSHOHU� NDUJDúDGÕU�� 8oDNWD

NRQXoODQDQ� YH� \HUH� EDNDQ� ELU� VDYXQPD� UDGDUÕQGD� LVH�� WRSODU�� WDQNODU�

XoDNVDYDUODU�KHGHI��ELWNL�|UW�V���NDUD��GHQL]�\�]H\OHUL�NDUJDúDGÕU�

%X� WLS� SUREOHPOHUGH�� UDGDU� LúDUHWL� \D� GD� NDUJDúDQÕQ� � PRGHOOHQPHVL

GHWHUPLQLVWLN� RODUDN� KHPHQ� KHPHQ� RODQDNVÕ]GÕU�� <HU\�]�� S�U�]OHUL�� GHQL]

GDOJDODUÕ� JLEL� HWPHQOHULQ� ROXúWXUGX÷X� NDUJDúD� WDPDPHQ� UDVODQWÕVDO

NDUDNWHUGHGLU��hVWHOLN�EX�HWPHQOHU�UDGDU�LúDUHWLQH�ID]Õ�X\XPOX��coherent) etki

\DSDUODU�� .DUJDúD\Õ� J�U�OW�GHQ� D\ÕUDQ� HQ� |QHPOL� |]HOOLN� GH� EXGXU�� %X

GXUXPGD�0RQWH�&DUOR� WHNQL÷L� NXOODQÕODUDN�� \�]H\� S�U�]OHUL�� GHQL]� GDOJDODUÕ

UDVODQWÕVDO�RODUDN�PRGHOOHQHELOLU��gUQH÷LQ�� )��'��+DVWLQJV�YH� DUNDGDúODUÕ� >�@

NDED� \�]H\OHUGHQ� VDoÕOPD� SUREOHPOHULQH�� J�oO�� )'7'><HH�� �@� YH� 0RQWH

&DUOR� WHNQL÷LQL� ELUOLNWH� X\JXODPÕúODUGÕU�� )'7'� WHNQL÷L� LOH� 0D[ZHOO

GHQNOHPOHUL� LWHUDWLI� o|]�OHUHN�� VDoÕOPD� GR÷UXGDQ� ]DPDQ� GRPHQLQGH

PRGHOOHQLUNHQ��\HU\�]��S�U�]OHUL�0RQWH�&DUOR� WHNQL÷L� LOH�ROXúWXUXOPDNWDGÕU�

%|\OHFH��UDVJHOH�\�]H\OHUGHQ�VDoÕOPD�SUREOHPOHUL�PRGHOOHQPLú�ROPDNWDGÕU�

<�NVHN� IUHNDQVOÕ� GDOJDODUÕQ� SURSDJDV\RQXQGD� YH� VDoÕQÕPÕQGD�� JHQHOGH

\HU\�]�� S�U�]OHUL� UDVJHOH� PRGHOOHQPHN� ]RUXQGDGÕU�� *HUHN� NDUD� �]HULQGHNL
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S�U�]OHU� �GD÷ODU�� ELQDODU�� ELWNL� |UW�V�� YE���� JHUHNVH� GHQL]� GDOJDODUÕQÕQ� EX

amaçla modellenmesi için Monte Carlo uygun bir yöntemdir.

Özellikle 1-boyutlu kaba yüzey modellemede Monte Carlo yöntemi

����¶OHUGHQ� EHUL� ROGXNoD� \D\JÕQ� ELU� úHNLOGH� NXOODQÕOPDNWDGÕU�� 5DVJHOH

VDoÕOPD\Õ�PRGHOOH\HELOPHN�LoLQ����ER\XWOX�\�]H\�X]XQOX÷XQXQ�GDOJD�ER\XQD

NÕ\DVOD� oRN� E�\�N� ROPDVÕ� JHUHNPHNWHGLU� YH� GDOJD� GHQNOHPLQLQ� o|]�P��

���¶GHQ� ID]OD� RUWDODPD� VDoÕOPD� \�]H\LQLQ� KHVDSODQPDVÕ� VRQXFXQGD

KHVDSODQDUDN��ELU�oRN�JHUoHNOHúWLUPH�LoLQ�o|]�OPHOLGLU�

FDTD (Finite Difference Time Domain – Zamanda Sonlu Farklar) yöntemi

LVH�� KHPHQ� KHU� W�UO�� HOHNWURPDQ\HWLN� SUREOHPGH� \D\JÕQ� RODUDN� NXOODQÕODQ

J�oO��ELU� VD\ÕVDO� WHNQLNWLU��)'7'��0D[YHOO� GHQNOHPOHULQLQ�GR÷UXGDQ� ]DPDQ

GRPHQLQGH�D\UÕNODúWÕUÕODUDN�LWHUDWLI�o|]�P�QH�GD\DQÕU�><HH���@

ùHNLO� ���¶GH� ��ER\XWOX� )'7'� KHVDS� X]D\Õ� YH� 0RQWH� &DUOR� WHNQL÷L� LOH

ROXúWXUXODQ�\HU\�]��SURILOL�J|U�OPHNWHGLU��%X�\DSÕGD��GDOJD�VDoÕOPDVÕ�)'7'

LOH� KHVDSODQPDNWDGÕU�� $\QÕ� LúOHP� ELU� oRN� NH]� WHNUDUODQGÕ÷ÕQGD� NDED

\�]H\OHUGHQ�VDoÕOPD�SUREOHPLQLQ�LVWDWLVWL÷L�KDNNÕQGD�ROGXNoD�JHUoHNoL�YHULOHU

elde edilmektedir.

%X� WLS� SUREOHPOHUGH� VRQXoODUÕQ� J�YHQLOLUOL÷L� DQFDN� GHQH\VHO� \DQL� |Oo�

VRQXoODUÕ�LOH�WHVW�HGLOHELOPHNWHGLU��0RQWH�&DUOR�WHNQL÷L�LOH�o|]�OHQ�SUREOHPOHU

X]XQ�GHQH\VHO�YHULOHULQ�LVWDWLVWLNOHUL�LOH�NDUúÕODúWÕUÕODELOLU�

Yükseklik= f (x)

y

x
θg θs

ùHNLO ��� 3UREOHPGH NXOODQÕODQ \�]H\ PRGHOL�
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ùHNLO� ���¶GHNL� |UQHN�� NDUD� NDUJDúDVÕQÕQ� 0RQWH� &DUOR� DQODPÕQGD

PRGHOOHQPHVLQH� DLWWLU�� 'XUXP� GHQL]� NDUJDúDVÕQGD� GDKD� GD� NDUPDúÕNODúÕU�

d�QN���EX�NH]�UDVJHOH�ROXúDQ�\�]H\�S�U�]OHUL�\DQÕQGD��UDVJHOH�KDUHNHW�GH�V|]

konusudur.

• 5DGDU�VDoÕOPD�\�]H\L�PRGHOOHPH�

5DGDU�VDoÕOPD�\�]H\L�(RSY) (Radar Cross Section, RCS)��SUREOHPL�ELU�GL÷HU

|QHPOL�HOHNWURPDQ\HWLN�VDoÕOPD�SUREOHPLGLU�

56<�� ELU� KHGHILQ� UDGDU� LúDUHWLQL� UDGDU� DOÕFÕVÕ� \|Q�QGH� \DQVÕWPD� \HWHQH÷LQLQ

ELU�|Oo�V��RODUDN�WDQÕPODQDELOLU��0DWHPDWLNVHO�LIDGHVL�

2

2

24
g

s

r E

E
riml πσ

∞→
=                                                            (1.2)

olarak verilir. Burada σ , m2� FLQVLQGHQ�56<� GH÷HULQL��Eg�� YHULFL� WDUDIÕQGDQ

KHGHI��]HULQH�J|QGHULOHQ�UDGDU�LúDUHWLQLQ�HOHNWULN�DODQ�ELOHúHQLQL��Es, cisimden

VDoÕODQ�HOHNWURPDQ\HWLN�GDOJDQÕQ�HOHNWULN�DODQ�ELOHúHQLQL�� r� LVH�UDGDUÕQ�FLVPH

RODQ�X]DNOÕ÷ÕQÕ�J|VWHUPHNWHGLU�

+HGHIOHULQ�56<�GH÷HUOHUL�NXOODQÕODQ�IUHNDQVD�YH�KHGHI�JHRPHWULVL�LOH�KHGHILQ

HOHNWULNVHO� |]HOOLNOHULQH� ED÷OÕGÕU�� )UHNDQVD� ED÷OÕ� RODUDN� KHGHIOHU� IDUNOÕ

GDYUDQÕú�J|VWHUGLNOHUL��o�GH÷LúLN�56<�E|OJHVLQGH�HOH�DOÕQÕUODU��%XQODU�

1. +HGHI�ER\XWODUÕQÕQ�GDOJD�ER\XQGDQ�oRN�N�o�N�NDOGÕ÷Õ�DOoDN�IUHNDQVODU

(Rayleigh) bölgesi,

2. +HGHI�ER\XWODUÕQÕQ�GDOJD�ER\X�PHUWHEHOHULQGH�ROGX÷X�RUWD� IUHNDQVODU

(Mie ya da rezonans) bölgesi ve

3. +HGHI� ER\XWODUÕQÕQ� GDOJD� ER\XQD� J|UH� oRN� E�\�N� ROGX÷X� \�NVHN

frekanslar (optik) bölgesi olarak

isimlendirilir[5]. Rayleigh RSY bölgesinde, genelde hedefler noktasal hedef

GDYUDQÕúÕ� J|VWHUGL÷LQGHQ� PRGHOOHPHN� ]RU� GH÷LOGLU�� 5H]RQDQV� E|OJHVLQGH

KHGHI� JHRPHWULVLQLQ� WDPDPÕ� 56<� GDYUDQÕúÕQGD� HWNLOLGLU�� %X� QHGHQOH
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JHRPHWULQLQ� WDPDPÕ� PRGHOOHQPHN� ]RUXQGDGÕU�� *�Q�P�]GH� 0RPHQW� \D� GD

Sonlu Elemanlar yöntemleri gibi güçlü frekans domeni teknikleri ile FDTD

gibi güçlü zaman domeni teknikleri rezonans bölgesinde RSY

PRGHOOHPHOHULQGH� EDúDUÕ� LOH� X\JXODQDELOPHNWHGLU�� $QFDN� RSWLN� E|OJHGH�

KHGHILQ�E�W�Q�D\UÕQWÕODUÕ� IDUNOÕ� HWNLOHU� J|VWHUHELOHFH÷LQGHQ��PHYFXW� WHNQLNOHU

\HWHUVL]� NDOPDNWDGÕU�� 2SWLN� E|OJHGH� KHGHIOHULQ� �]HULQGHNL� D\UÕQWÕODU� |QHP

ND]DQGÕ÷ÕQGDQ�0RQWH�&DUOR�WHNQL÷LQH�EDúYXUXOPDNWDGÕU�

56<� KHVDSODPD� SUREOHPLQL�� DVOÕQGD� NDUPDúÕN� ELU� FLVLPGHQ� JHUL� VDoÕODQ

HOHNWURPDQ\HWLN�GDOJDQÕQ�KHVDEÕ�SUREOHPLQH�LQGLUJHPHN�P�PN�QG�U��$QFDN�

oRN� EDVLW� JHRPHWULN� úHNLOOHU� LoLQ� ELOH�� JHUL� VDoÕODQ� DODQÕ� EHOLUOHPHGH

NXOODQÕODELOHFHN� NHVLQ� ED÷ÕQWÕODU� PHYFXW� GH÷LOGLU�� &LVPLQ� E�\�NO�÷�QH� YH

NXOODQÕODQ�HOHNWURPDQ\HWLN�GDOJDQÕQ�GDOJD�ER\XQD�J|UH�ED]Õ� \DNODúÕNOÕNODUÕQ

\DSÕOPDVÕ�NDoÕQÕOPD]GÕU�

gUQH÷LQ�� ELU� JHPL� V|]� NRQXVX� ROGX÷XQGD�� NHVLQ� ELU�RSY GH÷HUL� YH\D� H÷ULVL

YHUPHN� P�PN�Q� GH÷LOGLU�� 5DGDU� JHPLGHQ� JHOHQ� \DQVÕPDODUÕ� \DNDODVD� ELOH�

JHPLQLQ�\DSWÕ÷Õ�UDVJHOH�KDUHNHWOHUGHQ�GROD\Õ��JHPLQLQ�NRQXPXQXQ�N�o�N�ELU

GH÷LúLPL\OH� ELOH� ROGXNoD� KÕ]OÕ� GH÷LúHQ� RSY� GH÷HUL� ROGXNoD� ID]OD� PLNWDUGD

GH÷LúHELOLU�� %X� QHGHQOH� \DSÕODQ� KHVDSODPDODUGD� EX� UDVJHOH� KDUHNHWOHU� GH

J|]|Q�QH�DOÕQPDOÕGÕU�

*HPL� JLEL� NRQXPX� |QFHGHQ� NHVWLULOHPH\HQ� KHGHIOHU� LoLQ� NXOODQÕODFDN� HQ

uygun yöntemlerden biri, "tekrarlanan denemeler yöntemi" diye de

DGODQGÕUÕODQ�0RQWH�&DUOR�VLPXODV\RQ�\|QWHPLGLU��%X�\|QWHPGH�WHPHO�RODUDN

\DSÕODQ�RSY
VL�HWNLOH\HQ�IDNW|UOHUGHQ�ELULQL�ELU�UDVJHOH�VD\Õ��UHWHFL�NXOODQDUDN

GH÷LúWLUPHN� YH� EXQX� ELU� oRN� NH]� WHNUDUOD\DUDN� EHOLUOL� ELU� \DNODúÕNOD� VRQXFD

XODúPDNWÕU�

E. Topuz ve Ü. Yapanel [6,7], optik bölgede RSY problemine Monte Carlo

WHNQL÷LQL� X\JXODPÕúODUGÕU�� %X� oDOÕúPDGD�� 0RQWH� &DUOR� \|QWHPL�� UDVJHOH

KDUHNHWOHUOH� ROXúWXUXODQ� PRGHOLQ� LQFHOHQPHVLQGH� NXOODQÕOPÕúWÕU�� øQFHOHQHQ

oDOÕúPDGD��EX�UDVJHOH�KDUHNHWOHU�úLGGHWL�GHQL]�GXUXPXQD�YH�JHPL�GLQDPL÷LQH

ED÷OÕ� RODQ�� \DOSD� (roll) , sürüklenme (yaw)� YH� EDú�NÕo� YXUPD� (pitch) olmak

�]HUH����HNVHQGH�PRGHOOHQPLúWLU�
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2OXúWXUXODQ�PRGHOGH�

• gQFHOLNOH� JHPLQLQ� \DSÕVÕQD� YH� GHQL]� úDUWODUÕQD� J|UH� JHPLQLQ

\DSDELOHFH÷L� \DOSD�� V�U�NOHQPH� YH� EDú�NÕo� YXUPD� KDUHNHWOHULQLQ

VÕQÕUODUÕ�EHOLUOHQLU�

• 5DGDUÕQ� EDNÕú� DQÕQGD� JHPLQLQ� NRQXPXQX�EHOLUOHPHN� LoLQ� ELU� UDVJHOH

VD\Õ� �UHWHFL� NXOODQÕOÕU�� *HPLQLQ� ��ER\XWWD� \DSWÕ÷Õ� KDUHNHWOHULQ

VLQ�VRLGDO� ELU� \DSÕGD� ROGX÷X� YDUVD\ÕPÕ� DOWÕQGD�� EX� UDVJHOH� VD\ÕODU

NXOODQÕODUDN�JHPLQLQ�R�DQ�NL�NRQXPX�EHOLUOHQLU�

• %HOLUOHQHQ�EX�NRQXP�LoLQ�JHPLQLQ�56<
VL�\DNODúÕN�RODUDN�KHVDSODQÕU�

• %LU�EDNÕú�DoÕVÕ�LoLQ��LúOHPOHU�WHNUDU�HGLOLU�YH�R�EDNÕú�DoÕVÕQD�LOLúNLQ�ELU

GRV\D�ROXúWXUXOXU�

• øVWHQLOHQ� W�P� EDNÕú� DoÕODUÕ� LoLQ� D\QÕ� LúOHPOHU� \DSÕODUDN�� KHU� EDNÕú

DoÕVÕQD�DLW�ELOJLOHU�KHVDSODQÕU�

• 'DKD� VRQUD�EX�YHULOHU� X\JXQ�ELU� ELoLPGH� LúOHQHUHN�� LVWHQLOHQ� RODVÕOÕN

GH÷HUOHULQH�NDUúÕOÕN�G�úHQ�56<�H÷ULOHUL�EHOLUOHQLU�

$úD÷ÕGDNL� úHNLOGH� ELU� JHPLQLQ� RSY� GH÷HULQLQ� UDVJHOH� EDNÕú� DoÕVÕQD� J|UH

GH÷LúLPL��PLNURGDOJD�UDGDUÕ�LoLQ��J|U�OPHNWHGLU>�@�

ùHNLO ��� *HPLQLQ 56<
QLQ EDNÕú DoÕVÕ LOH GH÷LúLPL
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Burada düz çizgi ile gösterilen geminin herhangi bir hareket yokken elde

edilen RSY�GH÷HULGLU��.HVLN�oL]JL� LOH� J|VWHULOHQ�GH÷HUOHU� LVH�� UDGDUÕQ�R�EDNÕú

DoÕVÕ� LoLQ�� JHPLGHQ� � DOÕQDELOHFHN� IDUNOÕ�56<� GH÷HUOHULQLQ����¶QLQLQ�PXWODN

RODUDN�DOWÕQGD�NDODFD÷Õ�ELU�HúLN�GH÷HULGLU�� �%X�GXUXPGD��UDGDUÕQ�KHUKDQJL�ELU

EDNÕú�DoÕVÕ�LoLQ��JHPL�56<¶LQLQ��DOGÕ÷Õ�GH÷HU��NHVLNOL�oL]JLQLQ�DOGÕ÷Õ�GH÷HUGHQ

����RODVÕOÕNOD�GDKD�G�ú�N�ROPDVÕ�EHNOHQLU�

56<�GH÷HULQLQ�JHPLQLQ�GXUXPXQD�J|UH�oRN�KÕ]OD�GH÷LúPHVL��UDGDUÕQ�JHPL\H

EDNÕú� DoÕVÕQÕQ� |OoPH� DQÕQGD� NHVLQ� RODUDN� EHOLUOHQHPHPHVL�� JHPLQLQ

KDUHNHWOHULQLQ�GHQL]�GXUXPXQD�YH�JHPLQLQ�\DSÕVÕQD�ED÷OÕ�ROPDVÕQGDQ�GROD\Õ

56<� GH÷HUL�� EHOOL� ELU� JHPL� YH� GHQL]� GXUXPX� LoLQ� EHOLUOHQHELOHFHN� VÕQÕUODU

DUDVÕQGD� GH÷LúHQ� UDVODQWÕVDO� ELU� E�\�NO�NW�U�� 56<� GH÷HULQLQ� GH÷LúLPOHULQL

istatistiksel olarak belirlemek mümkündür. Bu durumda da, bu etkiler dikkate

DOÕQGÕ÷ÕQGD�� WHN� YH� NHVLQ� ELU� EDNÕú� DoÕVÕQGDQ� YH\D� 56<� GH÷HULQGHQ

EDKVHGLOHPH]��%X�úDUWODU�DOWÕQGD�EDNÕú�DoÕVÕ��JHPL�KDUHNHWOHULQH�ED÷OÕ� RODUDN

EHOLUOHQHELOHQ� VÕQÕUODU� DUDVÕQGD� GH÷HUOHU� DODQ� UDVODQWÕVDO� GH÷HUOHU� DODQ

UDVODQWÕVDO� ELU� GH÷LúNHQ� RODUDN� WDQÕPODQDELOLU�� %X� GXUXPGD� 56<
QLQ� GH÷HUL�

EHOLUOL� ELU� RODVÕOÕNOD�� GDKD� N�o�N� �YH\D� E�\�N�� NDOPDVÕ� JHUHNHQ� GH÷HUOHU

olarak hesaplanabilir.

ùHNLO� ���¶WH� V|]� NRQXVX� JHPLQLQ� 56<� GDYUDQÕúÕ� DoÕVDO� GLDJUDPODUGD

J|VWHULOPLúWLU��6ROGD�JHPL�KDUHNHWVL]NHQ��VD÷GD�LVH�JHPL�KDUHNHWOL�LNHQ�0RQWH

&DUOR�DQODPÕQGD�EHQ]HWLP�VRQXoODUÕ�YHULOPLúWLU�

ùHNLO ��� D� *HPL KDUHNHWVL]NHQ KHVDSODQDQ 56< GH÷LúLPL�

E� ��� RODVÕOÕN LoLQ KHVDSODQDQ 56< GH÷LúLPL
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%X� oDOÕúPDGD� 0RQWH� &DUOR� \|QWHPL�� JHPLQLQ� 56<� KHVDSODPDODUÕQÕQ

\DSÕOPDVÕ� LoLQ�� oHúLWOL� EDNÕú� DoÕODUÕ� YH� JHPL� NRQXPODUÕ� LoLQ� WHNUDU� HGLOHUHN

X\JXODQPÕúWÕU�� %X� X\JXODPDGD�� KHVDSODPDODUGD� NXOODQÕODFDN� EDNÕú� DoÕVÕQÕQ

YHULOHQ�ELU�EDNÕú�DoÕVÕ� HWUDIÕQGD�GH÷LúLPL��ELU� UDVJHOH� VD\Õ��UHWHFL� \DUGÕPÕ\OD

EHOLUOHQLU�YH�DUND�DUND\D�\DSÕODQ�ELU�oRN�GH÷HU� LoLQ�56<�KHVDSODQÕU��9HULOHQ

EDNÕú� DoÕVÕ� LoLQ�� DOÕQDQ� EX� |UQHNOHUGHQ� ID\GDQÕODUDN�56<� GH÷LúLPL� EXOXQXU�

øúOHP�EDNÕú�DoÕVÕQÕQ�EHOLUOHQHFHN�GL÷HU�GH÷HUOHUL�LoLQ�WHNUDUODQÕU��6RQXoWD�HOGH

HGLOHFHN�NHVLQ�ELU�56<�GH÷HUL�GH÷LO��EHOLUOL�ELU�RODVÕOÕNOD�|Oo�OHFHN�56<
QLQ

N�o�N��\D�GD�E�\�N��RODFD÷Õ�GH÷HUGLU���%|\OHOLNOH�KHVDSODPDODUGD�HOGH�HGLOHQ

VRQXoODU� JHUoHN� GH÷HUOHUH��0RQWH� &DUOR� \|QWHPLQLQ� KDWD� VÕQÕUODUÕ� GDKLOLQGH

\DNÕQVD\DFDNWÕU�

%X� GXUXPGD�� KHU� ELU� EDNÕú� DoÕVÕ� LoLQ� DOÕQDFDN� |UQHN� VD\ÕVÕQÕQ� oR÷DOWÕOPDVÕ�

VRQXFXQ�GR÷UX�ROPD�RODVÕOÕ÷ÕQÕ�DUWWÕUDFD÷Õ� LoLQ�� \HWHUOL� VD\ÕGD�|UQHN�DOÕQDUDN

KHU�ELU�EDNÕú�DoÕVÕ�LoLQ�LúOHP�WHNUDUODQDUDN��HOGH�HGLOHQ�VRQXoODUÕQ�LVWDWLVWLNVHO

\DSÕVÕ�GD�LQFHOHQPHOLGLU�

• .DUPDúÕN�RUWDPODUGD�VDoÕOPD�SUREOHPOHUL�

g]HOOLNOH�KDYD�SODWIRUPODUÕQGD�EXOXQDQ�UDGDUODU�LoLQ�\HU\�]�QGH�GXUDQ�\D�GD

KDUHNHWOL� � QHVQHOHULQ� DOJÕODQPDVÕQGD� ELWNL� |UW�V�� YH� ]HPLQ� S�U�]OHUL

|QHPOLGLU�� *HQHOGH� UDVJHOH� GH÷LúLP� NDUDNWHULQH� VDKLS� EX� SUREOHP� 0RQWH

Carlo yöntemi ile modellenmektedir.

Özellikle, VHF (Very High Frequency, 30MHz - 300MHz) ve UHF (Ultra

High Frequency, 300MHz-1GHz) UDGDUODUÕQGD� J�QFHO� SUREOHP� ELWNL� |UW�V�

DUGÕQD� JL]OHQHQ� KHGHIOHULQ� VDSWDQDELOPHVLGLU�� gUQH÷LQ�� XoDNWDNL� ELU� 9+)

UDGDUÕ� ELU� D÷Do� GLELQH� PHY]LOHQPLú� ELU� NDo� DVNHUL� \D� GD� ELU� NRUXOX÷D

VDNODQPÕú�ELU�WDQNÕ�VDSWDPDGD�J�oO�N�oHNPHNWHGLU���<D�GD�ELU�XoDNWDNL�UDGDU

LOH� ELWNL� |UW�V�� SURILOL� oÕNDUPDGD� \HU\�]�� GRNX� IDUNOÕOÕNODUÕ� �RUPDQ�� ER]NÕU�

oDOÕOÕN�YE����YH�HWNLOHUL�L\L�ELOLQPHOLGLU���%X�NRQXGD�ELU�oRN�JUXS�oDOÕúPDODUÕQÕ

V�UG�UPHNWHGLU�� <XNDUÕGD� EHOLUWLOHQ� UDGDU� WLSOHULQGH� D÷Do� FLQVOHUL�� GDO

SURILOOHUL�YH�KDWWD�\DSUDN�ELoLPOHUL�ELOH�VDoÕOPD�NDUDNWHULQL�GH÷LúWLUPHNWHGLU�

øON� EDKDUGD� D÷DoODUÕQ� \DSUDNOÕ� ROPDVÕ� LOH� VRQEDKDUGD� \DSUDN� G|N�P�QGHQ

VRQUDNL�GXUXPGD�56<�GDYUDQÕúODUÕ�oRN�IDUNOÕ�RODELOPHNWHGLU�
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gUQH÷LQ�<��/LQ�YH�.��6DUDEDQGL�>�@�oDOÕúPDODUÕQGDQ�ELULQGH�GH÷LúLN�D÷Do�YH

RUPDQODUÕQ�QHGHQ�ROGX÷X�ELWNL�|UW�V�QGHQ�VDoÕOPD\Õ�0RQWH�&DUOR�\|QWHPL�LOH

PRGHOOHQPLúOHUGLU�� 6|]� NRQXVX� oDOÕúPDGD� ELWNL� |WU�V�Q�Q� QDVÕO

ROXúWXUXOGX÷XQD�GDLU�ELU�|UQHN�ùHNLO����¶GH�J|VWHULOPLúWLU�

ùHNLO ��� $÷DoODUÕQ E�\�PH PRGHOOHUL

ùHNLOGH�D÷Do� WLSOHUL�YH�E�\�PH�PRGHOOHUL� DGÕP�DGÕP�J|VWHULOPLúWLU��<DSÕODQ

oDOÕúPDGD��oHúLWOL�D÷Do�WLS�YH�E�\�PH�PRGHOOHUL� LoLQ�\DQVÕPD�PRGHOOHUL�HOGH

HGLOPLúWLU��(OH�DOÕQDQ�PRGHOOHULQ�WDPDPÕ�JHUoHN�D÷Do�PRGHOOHULQGHQ�YH�GDKD

|QFHGHQ�HOGH�HGLOPLú�ELOJLOHUH�GD\DQÕODUDN�oÕNDUWÕOPÕúWÕU�

ùHNLO� ���¶WHNL� DGÕP� DGÕP� PRGHOOHPH� NXOODQÕODUDN� IDUNOÕ� D÷DoODU� YH� EX

D÷DoODUGDQ� ROXúPXú� RUPDQ� SURILOOHUL� oÕNDUÕOPDNWDGÕU�� ùHNLO� ���¶WH� LNL� IDUNOÕ

D÷Do�PRGHOL�J|VWHULOPHNWHGLU�
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ùHNLO ��� (OH DOÕQDQ LNL IDUNOÕ D÷Do PRGHOL

0RGHOGH� �UHWLOHQ� D÷Do� WRSOXOXNODUÕ�� J|YGH� YH� GDOODU�� VLOLQGLU�� \DSUDNODU�

GLVNOHU� KDOLQGH� PRGHOOHQHUHN� �UHWLOPLúOHU� YH� EX� D÷Do� WRSOXOX÷X� PRGHOL� ELU

\�]H\��]HULQH�\HUOHúWLULOHUHN��D÷DoODUOD�NDSOÕ�ELU� �\HU�\�]H\L�PRGHOOHQPLúWLU�

0RGHOOHQHQ� EX� NDUPDúÕN� \DSÕODUÕQ� VDoÕFÕOÕ÷Õ� GH÷LúLN� VDoÕOPD� GXUXPODUÕ

PRGHOOHQHUHN�HOGH�HGLOPHNWHGLU��gUQH÷LQ�ELU�D÷Do�GDOÕQÕQ�VDoÕOPDVÕ��GR÷UXGDQ

VDoÕODQ� ELOHúHQ�� GR÷UXGDQ� VDoÕODQ� YH� \HUGHQ� \DQVÕ\DQ� ELOHúHQ�� \HUGHQ

\DQVÕGÕNWDQ� VRQUD� GDOGDQ� VDoÕODQ� ELOHúHQ�� YE�� ELOHúHQOHULQ� WRSODPÕ� úHNOLQGH

modellenmektedir.

%X� oDOÕúPDGD�� 0RQWH� &DUOR� WHNQL÷LQLQ� NDWNÕVÕ� oRN� VD\ÕGD� D÷Do� YH� RUPDQ

PRGHOL� LOH� VDoÕOPD� KHVDSODUÕQÕQ� WHNUDUODQPDVÕ� \|Q�QGHGLU�� %X� SUREOHPGH

GDOODUÕQ� YH� \DSUDNODUÕQ� U�]JDU� HWNLVL� LOH� KDUHNHWOL� ROPDVÕ� QHGHQL\OH� 56<

GDYUDQÕúÕQÕQ�DQFDN�LVWDWLVWL÷L�LOH�LOJLOHQLOHELOLU��0RQWH�&DUOR�WHNQL÷LQLQ�NDWNÕVÕ�

SUREOHPGHQ�EX�LVWDWLVWL÷L�HOGH�HWPHNWH�RODFDNWÕU�

<DSÕODQ� oDOÕúPDODUÕQ� GR÷UXOX÷XQX� NRQWURO� HWPHN� DPDFÕ\OD�� oRN�IUHNDQV� YH

SRODUL]DV\RQOX�\DSD\�DoÕNOÕNOÕ�UDGDUODUÕ\OD��Synthetic Aperture Radar) birçok

JHOLú�DoÕVÕ�LoLQ�DNoDD÷Do�WRSOXOXNODUÕQGDQ�HOGH�HGLOHQ�VRQXoODU�NDUúÕODúWÕUÕOPÕú

YH�ROGXNoD�\DNÕQ�VRQXoODU�HOGH�HGLOPLúWLU>�@�

<XNDUÕGD� VÕUDODQDQ� |UQHNOHU� HOHNWURPDQ\HWLN� SUREOHPOHUGH�0RQWH� &DUOR� WHNQL÷LQLQ

X\JXODQPDVÕ� KDNNÕQGD� \HWHUOL� ELOJL� YHUPHNWHGLU�� %HQ]HWLP� DQODPÕQGD�0RQWH� &DUOR

WHNQL÷LQLQ� X\JXODQPDVÕQD� |QHPOL� ELU� |UQHN� GH� VHQV|U� W�POHúWLUPH� YH� J|]HWOHPH
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VLVWHPOHUL� EHQ]HWLPLGLU�� gUQH÷LQ�� GHQL]OHULPL]GHNL� VX� �VW�� YH� KDYD� KDUHNHWOLOL÷LQLQ

GH÷LúLN�VHQV|UOHU�NXOODQÕODUDN�J|]HWOHQPHVL�DQFDN�YH�DQFDN�0RQWH�&DUOR�DQODPÕQGD

benzetim teknikleri ile modellenebilir. Belli bir anda gözetlenen bölgede onlarca

JHPLQLQ�\D�GD�XoD÷ÕQ�GH÷LúLN�URWDODUGD�VH\UHWPHVL��UDGDUODUÕQ�EX�KHGHIOHUL�\DNDODPDVÕ

YH� L]OHPHVL� 0RQWH� &DUOR� DQODPÕQGD� PRGHOOHQHELOLU�� %XUDGD� \DSÕOPDVÕ� JHUHNHQ� EX

JHPL� XoDNODUOD� oRN� VD\ÕGD� VHQDU\RQXQ� ROXúWXUXODUDN�� VHQV|U� IL]L÷LQH� X\JXQ� RODUDN

GHQHQPHVL� YH� VRQXoODUÕQ� LVWDWLVWLNVHO� GH÷HUOHQGLULOPHVLGLU�� %|\OH� ELU� SUREOHPLQ

gerçek çözümünün elde edilebilmesi ve problemin deneysel olarak test edilebilmesi

RODQDNVÕ]GÕU�

%X�E|O�PGH�GH÷LQLOPHVL�JHUHNHQ�VRQ�QRNWD��0RQWH�&DUOR� WHNQL÷LQLQ�HOH� DOÕQPDVÕQD

\|QHOLNWLU�� .RQX\X� HQ� L\L� YHUHFH÷L� G�ú�Q�OG�÷�QGHQ�0RQWH� &DUOR� WHNQL÷L� LQWHJUDO

DOPD�SUREOHPL��]HULQGH�LúOHQPLúWLU�

%X�oDOÕúPDGD��HOHNWURPDQ\HWLN�SUREOHPOHUGH�ER\XWX�DUWWÕNoD�o|]�OPHVL�J�oOHúHQ�YH

ROGXNoD�KÕ]OÕ�GH÷LúHQ�NDUPDúÕN�LQWHJUDOOHUH�YH�LQWHJUDO�GH÷HULQLQ�EXOXQPDVÕ�JHUHNHQ

DPD�WDP�RODUDN�GHWHUPLQLVWLN�ELU�LIDGHVL�EXOXQDPDGÕ÷ÕQGDQ��VDGHFH�RODVÕOÕNVDO�RODUDN

LIDGH� HGLOHELOHQ� IRQNVL\RQODUD�0RQWH� &DUOR� LQWHJUDO� DOPD� \|QWHPLQLQ� X\JXODQPDVÕ

DQODWÕODFDNWÕU�

Bölüm 2'de öncelikle, yöntemimizi uygulayabilmemiz ve daha iyi anlayabilmemiz

LoLQ�RODVÕOÕNVDO� NDYUDPODUGDQ�ELOPHPL]�JHUHNHQ�� RUWDODPD�� YDU\DQV� YH�0RQWH�&DUOR

\|QWHPLQLQ�WHPHOLQL�ROXúWXUDQ�PHUNH]L�OLPLW�WHRUHPLQGHQ�EDKVHGLOHFHNWLU�

%|O�P� �
WH� LVH�� 0RQWH� &DUOR� LQWHJUDO� DOPD� \|QWHPLQLQ� HVDVODUÕQGDQ� EDKVHGLOHUHN�

E�\�N� HOHPDQODU� WRSOXOX÷XQXQ� |]HOOLNOHULQLQ�� UDVJHOH� HOHPDQODU� VHoLOHUHN

ROXúWXUXOPXú� ELU� DOW� N�PHVL� DUDFÕOÕ÷Õ� LOH� oÕNDUÕOGÕ÷Õ� YH� KHUKDQJL� ELU� f(x)

fonksiyonunun (a,b)� DUDOÕ÷ÕQGDNL� EHNOHQHQ� GH÷HULQLQ�� EX� IRQNVL\RQXQ� EX� DUDOÕNWDNL

UDVJHOH� VHoLOHQ� VRQOX� VD\ÕGDNL� QRNWDODUÕQ� EHNOHQHQ� GH÷HULQGHQ� oÕNDUÕODELOHFH÷L� YH

0RQWH� &DUOR
QXQ� G|UW� WHPHO� \DNODúÕP� PRGHOL� DQODWÕOÕODFDNWÕU�� %DKVHGLOHFHN� EX

modeller; UHGGHWPH��UHMHFWLRQ���KLW�	�PLVV���RUWDODPD��DYHUDJLQJ���NRQWURO�GH÷LúNHQL

(control variates) ve önem örneklemesi (importance sampling) yöntemleridir.

%XQODUD�HN�RODUDN�0RQWH�&DUOR�\|QWHPLQLQ�ER\XWOD�RODQ�LOLúNLVLQL�GDKD� L\L�DQODPDN

DPDFÕ�LOH�ELU�KLSHU�N�UH�HOH�DOÕQDFDN�YH�ELU�0RQWH�&DUOR�\|QWHPL�LOH�IDUNOÕ�ER\XWODU�YH

GH÷LúLN�|UQHN�VD\ÕODUÕ�LoLQ�EX�N�UHQLQ�LQWHJUDO�GH÷HUOHUL�KHVDSODQDFDNWÕU�
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<|QWHPLQ� X\JXODQÕúÕQÕ� DQODPDN� LoLQ�� %|O�P� �
WH�� \|QWHP� |QFHOLNOH� VRQXFX� ELOLQHQ

EHOLUOL� LQWHJUDOOHUH�X\JXODQDFDNWÕU��%XQD�HN�RODUDN��EHOLUOL�ELU� LQWHJUDO� DOPD� \|QWHPL

ile çözüme gidilerek, analitik yöntemle rasgele bir yöntem olan Monte Carlo yöntemi

NDUúÕODúWÕUÕODFDNWÕU�� %|\OHOLNOH� \|QWHPLQ� X\JXODQDELOLUOL÷L� YH� YHULPOLOL÷L� KDNNÕQGD

JHQHO� ELU� ILNLU� HOGH� HGLOHUHN�� VRQXFD� QH� NDGDU� \DNODúÕOGÕ÷Õ� J|U�OHFHNWLU�� d|]�PH

JLGLOLUNHQ� GLNNDW� HGLOPHVL� JHUHNHQ� QRNWDODU� YH� HQ� L\L� o|]�P�Q� QH� úHNLOGH� HOGH

HGLOHFH÷L� WDUWÕúÕODFDNWÕU�� $\UÕFD�� |QFHGHQ� �UHWLOPLú� |UQHN� JUXEXQXQ� GH÷LúLN

büyüklüklerde örnek grubuna bölünerek incelenmesi ve bunun etkilerinden

bahsedilecektir.

6RQXoODUÕQ� \HU� DOGÕ÷Õ� %|O�P� �
WH� LVH�� 0RQWH� &DUOR� \|QWHPLQLQ� DYDQWDMODUÕ�

GH]DYDQWDMODUÕ� LOH� ELUOLNWH� oDOÕúPDQÕQ� DPDFÕ� DoÕNODQDFDNWÕU�� (OGH� HGLOHQ� VRQXoODU

\RUXPODQDUDN��EL]H�RODQ�YH�RODELOHFHN�NDWNÕODUÕQGDQ�V|]�HGLOHFHNWLU�



17

2. OLASILIKSAL KAVRAMLAR

'R÷D� ELOLPOHULQGH� NDUúÕODúWÕ÷ÕPÕ]� SUREOHPOHULQ� ELU� oR÷XQGD� ROD\GDNL� GH÷LúNHQOHULQ

GH÷HUOHUL� ELOLQGL÷LQGH� SUREOHPH� NHVLQ� YH� WHN� ELU� o|]�P� EXOXQDELOLU�� gUQH÷LQ� ELU

GLUHQFLQ�XoODULQGDNL�JHULOLP�YH��]HULQGHQ�DNDQ�DNÕP�ELOLQGL÷LQGH�GLUHQFLQ�GH÷HULQL�

YH\D� ELU� NDSDVLWHQLQ� VÕ÷DVÕ� YH� XoODUÕQGDNL� JHULOLP� ELOLQL\RUVD�� NDSDVLWHQLQ� WXWWX÷X

yükü hesaplayabiliriz. Bu gibi olaylarda yasalar deterministik anlamda bilinmektedir.

%XQD� NDUúÕOÕN� |\OH� ROD\ODU� YDUGÕU� NL�� EXQODUGD� VRQXFX� |QFHGHQ� ELOPHN� P�PN�Q

GH÷LOGLU�� %DVLW� ELU� |UQHN� RODUDN�� ELU� ]DU� DWÕúÕQGD� ]DUÕQ� KDQJL� \�]�Q�Q� JHOHFH÷LQL

önceden kestiremeyiz.

2.1 5DVODQWÕVDO�'H÷LúNHQ�YH�5DVODQWÕVDO�2OD\

5DVODQWÕVDO� GH÷LúNHQ�� JHOHFHNWHNL� ELU� J|]OHPGH� DODFD÷Õ� GH÷HUL� |QFHGHQ� NHVLQOLNOH

ELOLQHPH\HQ� ELU� GH÷LúNHQGLU�� %LU� ]DUÕQ� DWÕúÕQGD� JHOHFHN� VD\Õ� |QFHGHQ

ELOLQHPH\HFH÷LQGHQ� ELU� UDVODQWÕVDO� GH÷LúNHQGLU�� %LU� J�U�OW�� |UQH÷LQGH�� J�U�OW�Q�Q

KHUKDQJL� ELU� DQGD� J|]OHQHFHN� GH÷HULQL� |QFHGHQ� ELOPHN�P�PN�Q� ROPDGÕ÷ÕQD� J|UH�

J�U�OW��GH�UDVODQWÕVDO�ELU�GH÷LúNHQGLU�

5DVODQWÕVDO� GH÷LúNHQOHUGHNL� EHOLUVL]OLN�� EX� GH÷LúNHQOHULQ� DODFD÷Õ� GH÷HUOHULQ� |QFHGHQ

WDKPLQ� HGLOHPH\HQ� oRN� VD\ÕGD� HWNHQH� ED÷OÕ� ROPDVÕQGD� LOHUL� JHOLU�� %X� GR÷DO

ROD\ODUGDNL� GH÷LúPHOHUGHQ� ND\QDNODQDELOHFH÷L� JLEL�� ROD\� KDNNÕQGDNL� ELOJLOHULPL]LQ

\HWHUVL]OL÷LQGHQ� GH� LOHUL� JHOHELOLU�� %|\OH� GH÷LúNHQOHUL� deterministik bir \DNODúÕPla

LQFHOHPHN� P�PN�Q� GH÷LOGLU�� <DQL� GH÷LúNHQLQ� DODFD÷Õ� GH÷HUL� |QFHGHQ� NHVLQOLNOH

belirleyebilen yasalar elde edilemez. Bunun yerine SUREDELOLVWLN� �RODVÕOÕNoÕ� bir

\DNODúÕP�JHUHNLU�

%LU�UDVODQWÕ�GH÷LúNHQLQLQ�JHOHFHNWHNL�ELU�J|]OHP�VÕUDVÕQGD�DODFD÷Õ�GH÷HU�NHVLQ�RODUDN

ELOLQHPH\HFH÷LQH� J|UH�� DQFDN� GH÷LúNHQLQ� ELU� J|]OHP� VÕUDVÕQGD� EHOOL� ELU� GH÷HU

DOPDVÕQD� ELU� UDVODQWÕVDO� ROD\� GHQLOLU��%XQD� J|UH� KDQJL� UDVODQWÕVDO� ROD\ÕQ� J|U�OHFH÷L

|QFHGHQ� NHVLQOLNOH� ELOLQHPHPHNOH� ELUOLNWH�� KHUKDQJL� ELU� UDVODQWÕVDO� ROD\ÕQ� J|U�OPH
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RODVÕOÕ÷ÕQÕ�EHOLUOHPHN�P�PN�QG�U��gUQHN�RODUDN�]DU�DWÕúÕQGD�VHoLOHQ�ELU�VD\ÕQÕQ����LOH

�� DUDVÕQGD� ELU� VD\Õ�� J|U�OPHVL� ELU� UDVODQWÕVDO� ROD\� ROXS� EX� UDVODQWÕVDO� ROD\ODUGDQ

KHUKDQJL�ELULQLQ��J|U�OPH�RODVÕ÷Õ�EHOLUOHQHELOLU�

2ODVÕOÕN� WHRULVLQGH� ELU� UDVODQWÕVDO� ROD\ÕQ� PH\GDQD� JHOPHVL� úDQVÕ� RODVÕOÕN� �LKWLPDO�

probabilite)� DGÕ� YHULOHQ� ELU� E�\�NO�NOH� LIDGH� HGLOPHNWHGLU��2ODVÕOÕN� WHRULVLQLQ� WHPHO

DNVL\RPXQD�J|UH�KHU� UDVODQWÕVDO�ROD\ÕQ��GH÷HUL�0 ile 1� DUDVÕQGD�GH÷LúHQ�ELU� RODVÕOÕ÷Õ

YDUGÕU�� 5DVODQWÕVDO� GH÷LúNHQL� E�\�N� KDUIOH� (X)�� UDVODQWÕVDO� GH÷LúNHQLQ� ELU� J|]OHP

VÕUDVÕQGD� DOGÕ÷Õ� GH÷HUL� EX� KDUIH� NDUúÕ� JHOHQ� N�o�N� KDUIOH� (x) gösterirsek, X=xi

UDVODQWÕVDO�ROD\ÕQÕQ�RODVÕOÕ÷Õ�úX�úHNLOGHGLU�

ii pxXP == )( (2.1)

pi
QLQ� �� LOH� �� DUDVÕQGD� GH÷LúHELOHQ� RODVÕOÕN� GH÷HULQLQ�� �� ROPDVÕ� V|]� NRQXVX� ROD\ÕQ

KLoELU� ]DPDQ� PH\GDQD� JHOPH\HFH÷LQL�� �� ROPDVÕ� LVH� NHVLQOLNOH� �KHU� J|]OHPGH�

PH\GDQD�JHOHFH÷LQL�J|VWHULU��2ODVÕOÕN��
GDQ��
H�GR÷UX�DUWWÕNoD�J|]OHPOHU�VÕUDVÕQGD�R

ROD\ÕQ�J|U�OPH�úDQVÕ�GD�DUWDU��\DQL�ROD\OD�GDKD�VÕN�NDUúÕODúÕOÕU>�@�

$QFDN� P�KHQGLVOLNWH� NDUúÕODúWÕ÷ÕPÕ]� SUREOHPOHU� JHQHOGH� RODVÕOÕNODUÕQ� EDVLW� ELU

úHNLOGH�KHVDSODPDVÕQD�RODQDN�YHUPH\HFHN�NDGDU�NDUPDúÕNWÕU�

2.2 5DVODQWÕVDO�'H÷LúNHQOHULQ�'D÷ÕOÕPODUÕ

%LU� UDVODQWÕVDO� GH÷LúNHQH� YH� EX� GH÷LúNHQLQ� LoLQGH� EXOXQGX÷X� WRSOXOX÷D� DLW� oHúLWOL

UDVJHOH� ROD\ODUÕQ� RODVÕOÕNODUÕQÕ� WRSOX� ELU� úHNLOGH� ELU� GD÷ÕOÕP� IRQNVL\RQX� LOH� LIDGH

edebiliriz.

%LU� oRN� UDVODQWÕ� GH÷LúNHQL� EHOOL� ELU� DUDOÕNWD� NDOVD� ELOH�� V�UHNOL� RODUDN� GH÷LúWL÷LQGHQ

basit olaylarÕQ� \DQL� |UQHN� X]D\ÕQGDNL� HOHPDQ� VD\ÕODUÕ� VRQVX]GXU�� $QFDN� SUDWLNWH

UDVODQWÕVDO� GH÷LúNHQLQ� GH÷LúPH� E|OJHVL� JHQHOOLNOH� DOW� YH� �VWHQ� VRQOX� ROGX÷X� JLEL�

|Oo�POHUL�GH�EHOLUOL�ELU�GX\DUOÕOÕNOD�\DSÕODELOGL÷L�LoLQ�GH÷LúNHQL�VRQOX�VD\ÕGD�GH÷HUGHQ

ELULQL�DODELOHQ�ELU�GH÷LúNHQ�JLEL�G�ú�QPHN�GDKD�DQODPOÕ�ROXU�

%|\OH�ELU�GH÷LúNHQH�DLW�oHúLWOL�EDVLW�ROD\ODUÕQ�RODVÕOÕNODUÕ�
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)()( ii xXPxp == (2.2)

úHNOLQGH� [i� GH÷HUOHULQLQ� KL]DVÕQGD� ELUHU� G�úH\� oL]JL� LOH� J|VWHULOLUVH�� EX� GH÷LúNHQLQ

RODVÕOÕN�\R÷XQOXN�IRQNVL\RQX��SUREDELOLW\�GHQVLW\�IXQFWLRQ�SGI��HOGH�HGLOPLú�ROXU��%X

IRQNVL\RQ�� oHúLWOL� EDVLW� ROD\ODUÕQ� RODVÕOÕNODUÕQÕ� ELU� EDNÕúWD� J|UPHPL]H� LPNDQ� YHULU�

'�úH\�oL]JLOHULQ�RODVÕOÕNODUÕ�WRSODPÕ�GDLPD�1
H�HúLWWLU�

∑ =
)(

1)(
ix

ixp (2.3)

%DúND�ELU�J|VWHULOLú�úHNOL�GH��UDVJHOH�GH÷LúNHQLQ�EHOOL�ELU�GH÷HUH�HúLW�\D�GD�GDKD�N�o�N

RODVÕOÕ÷ÕQÕ�oL]PHNWHGLU�

)()( ii xXPxF ≤= (2.4)

3UDWLNWH� |QHP� WDúÕ\DQ� EX� IRQNVL\RQD� RODVÕOÕN� GD÷ÕOÕP� IRQNVL\RQX� �FXPXODWLYH

distribution function-cdf)�DGÕ�YHULOLU��)RQNVL\RQXQ�WDQÕPÕQGDQ�KHPHQ�J|U�OHELOHFH÷L

gibi;

∑
≤

=
)(

)()(
ij xx

ji xpxF (2.5)

F(x)�IRQNVL\RQX��
GDQ��
H�GR÷UX�JLGLOGLNoH�DUWDQ�EDVDPDNOÕ�ELU�IRQNVL\RQGXU�

2ODVÕOÕN� \R÷XQOXN� IRQNVL\RQX� LOH� RODVÕOÕN� GD÷ÕOÕP� IRQNVL\RQXQXQ� D\QÕ� ELOJLOHUL

LoHUGL÷L� YH� LNLVLQGHQ� ELULVL� ELOLQGL÷LQGH� GL÷HULQLQ� NROD\FD� HOGH� HGLOHELOHFH÷L

görülmektedir.

2.3 6�UHNOL�5DVJHOH�'H÷LúNHQOHU

6�UHNOL� ELU� UDVODQWÕVDO� GH÷LúNHQLQ� DODELOHFH÷L� GH÷HUOHULQ� �|UQHN� X]D\ÕQGDNL� EDVLW

ROD\ODUÕQ��VD\ÕVÕ�VRQVX]GXU��%DúND�ELU�GH\LúOH��E|\OH�ELU�GH÷LúNHQ�E�W�Q�JHUoHN�VD\Õ

GH÷HUOHULQL� �\D� GD� EHOOL� ELU� DUDOÕNWDNL� E�W�Q� GH÷HUOHUL�� DODELOLU�� 0�KHQGLVOLNWH

NDUúÕODúÕDQ�UDVODQWÕVDO�GH÷HUOHULQ�oR÷X�V�UHNOL�QLWHOLNWHGLU��gUQH÷LQ�ELU� LúDUHWLQ�J�F��

ELU� HOHPDQÕQ� �]HULQGHQ� DNDQ� DNÕP� �DQFDN� |Oo�P� DUDoODUÕQÕQ� VÕQÕUOÕ� ELU� SUH]LV\RQX
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ROPDVÕ� GROD\ÕVÕ� LOH� EX� GH÷LúNHQOHULQ� DODELOGLNOHUL� GH÷HUOHU� VRQOX� VD\ÕGD� JLEL

G�ú�Q�OPHNWH��EX�QHGHQOH�NHVLNOL�UDVODQWÕVDO�GH÷LúNHQOHU�RODUDN�HOH�DOÕQPDNWDGÕU��

6�UHNOL� ELU� UDVODQWÕVDO� GH÷LúNHQLQ� DODELOHFH÷L� GH÷HUOHULQ� VD\ÕVÕ� VRQVX]�� EX� GH÷HUOHUL

DODQ� RODVÕOÕNODUÕQÕQ� WRSODPÕ� LVH� �
H� HúLW� RODFD÷ÕQGDQ�X=x� úHNOLQGHNL� EDVLW� ROD\ODUÕQ

RODVÕOÕNODUÕ�VÕIÕUD�JLGHFHNWLU��%X�QHGHQ�V�UHNOL�UDVODQWÕVDO�GH÷LúNHQOHUGH�EDVLW�ROD\ODUÕQ

RODVÕOÕNODUÕQGDQ� V|]� HWPHN� \HULQH� GH÷LúNHQLQ� x ile x+dx� DUDVÕQGDNL� ELU� DUDOÕNWD

NDOPDVÕ�úHNOLQGH�ELU�ELUOHúLN�ROD\ÕQ�RODVÕOÕ÷ÕQÕ�WDQÕPODPDN�\ROXQD�JLGLOLU��%XQXQ�LoLQ

RODVÕOÕN�\R÷XQOXN�IRQNVL\RQX�p(x)�ú|\OH�WDQÕPODQÕU�

)()( dxxXxPdxxp +≤<= (2.6)

Yani p(x)�H÷ULVL�LOH�[�HNVHQL�YH�x, x+dx�QRNWDODUÕQGDQ�oL]LOHQ�G�úH\�oL]JLOHU�DUDVÕQGD

NDODQ�GH÷LúNHQLQ�(x, x+dx)�DUDOÕ÷ÕQGD�ELU�GH÷HU�DOPDVÕ�RODVÕOÕ÷ÕQÕ�J|VWHUPHNWHGLU�

'H÷LúNHQLQ�VRQOX�ELU�DUDOÕNWD�EXOXQPDVÕ�RODVÕOÕ÷Õ�EX�DUDOÕ÷Õ�N�o�N�SDUoDODUD�D\ÕUÕS��EX

SDUoDODUGD�EXOXQPD�RODVÕOÕNODUÕQÕ� WRSOD\DUDN�KHVDSODQDELOLU�� VRQXo�RODUDN�úX� LIDGH\H

YDUÕOÕU�

∫=<<
2

1

)()( 21

x

x

dxxpxXxP (2.7)

'H÷LúNHQLQ� � +∞∞− , �� DUDOÕ÷ÕQGD� ELU� GH÷HU� DOPDVÕ� NHVLQ� �RODVÕOÕ÷Õ� �� RODQ�� ELU� ROD\

ROGX÷XQD�J|UH�p(x)�GDLPD�úX�NRúXOD�X\DU�

∫
+∞

∞−

= 1)( dxxp (2.8)

6�UHNOL�GH÷LNHQ�KDOLQGH�RODVÕOÕN�GD÷ÕOÕP�IRQNVL\RQXQXQ�WDQÕPÕ�GH÷LúPH]�

)()( xXPxF ≤= (2.9)

F(x) ile p(x)� DUDVÕQGD� úX� LOLúNLQLQ� EXOXQGX÷X� \XNDUÕGDNL� GHQNOHPOHUGHQ� KHPHQ

görülebilir;
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)(xF = )( +∞<<−∞ xp (2.10)

= ∫
∞−

x

duup )(

)(xp
= ∫

∞−

x

duup
dx

d
)(

(2.11)

=
dx

xdF )(

2ODVÕOÕN�GD÷ÕOÕP�IRQNVL\RQX�GDLPD�úX�NRúXOODUÕ�VD÷ODU�

)()()(

)()(

0

1)(

0)(

1)(0

2112 xXxPxFxF

xFxF

F

F

xF

≤<=−
≥+

>
=+∞
=−∞

≤≤

ε
ε

<XNDUÕGD� WDQÕPODQDQ� RODVÕOÕN� \R÷XQOXN� YH� GD÷ÕOÕP� IRQNVL\RQODUÕ� ELU� UDVODQWÕVDO

GH÷LúNHQLQ�RODVÕOÕN�X]D\ÕQD�DLW�E�W�Q�ELOJLOHUL�NDSVDU�

2.4 'D÷ÕOÕP�3DUDPHWUHOHUL

%LU� UDVJHOH� GH÷LúNHQLQ� KHUKDQJL� ELU� J|]OHP� VÕUDVÕQGD� DODFD÷Õ� GH÷HU� |QFHGHQ

ELOLQHPH]�� IDNDW�� EX� GH÷LúNHQLQ� LoLQGH� EXOXQGX÷X� WRSOXOXNOD� LOJLOL� GD÷ÕOÕP

IRQNVL\RQX�EX�GH÷LúNHQLQ�YH�LoLQGH�EXOXQGX÷X�WRSOXOX÷XQ�GDYUDQÕúÕ�LOH�LOJLOL�ELOJLOHUL

kapsar.

%D]Õ� GXUXPODUGD� GD÷ÕOÕP� IRQNVL\RQXQ� YHUHFH÷L� ELOJLOHULQ� W�P�Q�Q� ELOLQPHVL

gerekmeyebilir ya da bu bilgileri elde etmek mümkün olmayabilir. Bu durumda,
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WRSOXOX÷XQ� UDVODQWÕVDO� GH÷LúNHQLQ� YH� GDYUDQÕúÕQÕQ� EDúOÕFD� |]HOOLNOHULQL� ELUNDo

SDUDPHWUH�\DUGÕPÕ\OD�|]HWOHPHN�P�KHQGLVOLN�SUREOHPOHULQGH�\HWHUOL�RODELOLU�

'H÷LúNHQLQ� GD÷ÕOÕP� IRQNVL\RQXQXQ� EHOOL� |]HOOLNOHULQL� \DQVÕWDQ� EX� VD\ÕODUD� GD÷ÕOÕP

parametreleri denir. Parametrelerin eldeki verilerden tahmin edilmesi ve

NXOODQÕOPDVÕ�GD÷ÕOÕP�IRQNVL\RQXQ�WDKPLQ�HGLOLS�NXOODQÕOPDVÕQD�J|UH�oRN�NROD\�ROXU�

%X� QHGHQOH� \DNODúÕN� GD� ROVD� oDEXN� FHYDSODUÕQ� HOGH� HGLOPHVL� JHUHNHQ� P�KHQGLVOLN

SUREOHPOHULQGH�EX�SDUDPHWUHOHUL�NXOODQPDN�JHUHNLU��(Q� oRN�NXOODQÕODQ�SDUDPHWUHOHU

istatistik moment tipinde olan ortalama ve varyans'WÕU�� %X� GH÷HUOHU�� ELU� LúOHP

\DSÕOPDN� LVWHQLS�� WRSOXOXNWDQ� UDVJHOH� HOHPDQODU� VHoLOHUHN�� \HQL� ROXúWXUXODQ� YH

�]HULQGH�LúOHP�\DSÕOPDVÕ�GDKD�NROD\�RODQ�DOW�JUXS�LOH�WRSOXOX÷XQ�W�P��KDNNÕQGD�ELOJL

VDKLEL�ROXQXOPD\D�oDOÕúÕOGÕ÷ÕQGD�JUXS�SDUDPHWUHOHUL�RODUDN�GD�ROGXNoD�|QHPOLGLU�

2.4.1 Ortalama

%LU� UDVODQWÕ� GH÷LúNHQLQLQ� GD÷ÕOÕPÕQÕQ� HQ� |QHPOL� GH÷HUL� GD÷ÕOÕPÕQ�PHUNH]� GH÷HULGLU�

dHúLWOL� J|]OHPOHU� VÕUDVÕQGD� GH÷LúNHQLQ� DODFD÷Õ� GH÷HUOHU� oHYUHVLQGH� N�PHOHQGL÷L

PHUNH]� GH÷HU� LoLQ� IDUNOÕ� WDQÕPODU� NXOODQÕODELOLU�� $QFDN� EXQODUÕQ� LoLQGH� HQ� oRN

NXOODQÕODQ�ortalama ya da EHNOHQHQ� GH÷HU� RODUDN� DGODQGÕUÕODQ� YH� DúD÷ÕGDNL� úHNLOGH

WDQÕPODQDQ�GH÷HUGLU�

%X� GH÷LúNHQLQ� RUWDODPDVÕ�� p(x) RODVÕOÕN� \R÷XQOXN� IRQNVL\RQX ile x
LQ� oDUSÕPÕQÕQ

( +∞∞− , ��DUDOÕ÷ÕQGD�LQWHJUH�HGLOHUHN�EXOXQXU�

∫
∞

∞−

= dxxxpx )( (2.12)

5DVODQWÕVDO� GH÷LúNHQOHUOH� LOJLOL� SUREOHPOHUGH� GH÷LúNHQLQ� RUWDODPD�GH÷HUL� HQ� DQODPOÕ

SDUDPHWHGLU�� =LUD� GH÷LúNHQLQ� GD÷ÕOÕPÕQÕQ� PHUNH]LQL�� \DQL� oHúLWOL� J|]OHPOHUGH

J|]OHQHFHN� GH÷HUOHULQ� oHYUHVLQGH� GD÷ÕODFD÷Õ� GH÷HUL� J|VWHULU�� %LU� oRN� SUREOHPGH�

UDVODQWÕ�GH÷LúNHQL�GHWHUPLQLVWLN�ELU�J|]OH�HOH�DOÕQPDN�LVWHQLUVH��EX�GH÷LúNHQLQ�GDLPD

RUWDPDOD�GH÷HULQH�HúLW�ROGX÷X�NDEXO�HGLOLU�
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2.4.2 Varyans

2UWDODPD�GH÷HU�ELU� � UDVODQWÕ� GH÷LúNHQLQLQ�PHUNH]VHO� GH÷HULQLQ� J|VWHUPHNOH�ELUOLNWH�

EX� GH÷HU� oHYUHVLQGHNL� \D\ÕOÕPÕQÕQ� E�\�NO�÷�� KDNNÕQGD� ELU� ELOJL� YHUPH]�� %X

\D\ÕOPD\Õ�|OoPHN�LoLQ�oRN�NXOODQÕODQ�SDUDPHWUH�varyans
WÕU�

( ) ( )∫
∞

∞−

−=−== dxxpxxxxxxVar )()()(
222σ (2.13)

<XNDUÕGDNL� LIDGH\H� J|UH� YDU\DQV�� UDVODQWÕVDO� GH÷LúNHQOHULQ� RUWDODPDVÕQGDQ� IDUNÕQÕQ

NDUHVLQLQ� EHNOHQHQ� GH÷HULGLU�� 9DU\DQVÕQ� E�\�N� ROPDVÕ� GH÷LúNHQLQ� RUWDODPD

oHYUHVLQGHNL�\D\ÕOPDVÕQÕQ�E�\�N�ROGX÷XQX�J|VWHULU�

9DU\DQVÕQ� ER\XWX� UDVODQWÕVDO� GH÷LúNHQLQ� ER\XWXQXQ� NDUHVL� JLELGLU�� %X� oR÷X� ]DPDQ

IL]LNVHO� DoÕGDQ� DQODPOÕ� ROPDGÕ÷ÕQGDQ� YDU\DQV� \HULQH� YDU\DQVÕQ� NDUHN|N�� RODQ

standart sapma\Õ�NXOODQPDN�\ROXQD�JLGLOLU�

( )2

1
222

1

)()( xxxVarx −==σ (2.14)

6WDQGDUW�VDSPD�UDVODQWÕVDO�GH÷LúNHQOH�D\QÕ�ER\XWWD�ROGX÷X�LoLQ�GDKD�DQODPOÕGÕU�

%LU�oRN�KDOOHUGH�RUWDODPD�YH�VWDQGDUW�VDSPD\Õ�ELOPHN�UDVODQWÕVDO�GH÷LúNHQLQ�GD÷ÕOÕPÕ

KDNNÕQGD�K�N�P�YHUPHN�LoLQ�\HWHUOL�ROXU��6WDQGDUW�VDSPDQÕQ�J|]�|Q�Q�QH�DOÕQPDVÕ

LOH�GH÷LúNHQLQ�UDVODQWÕVDO�NDUDNWHUL�GH�DQD�KDWODUÕ\OD�J|]|Q�QH�DOÕQPÕú�ROXU�

2.5 Merkezi Limit Teoremi

2ODVÕOÕNVDO� oDOÕúPDODUÕQ� HQ� |QHPOL� DPDFÕ�� LOJLOHQLOHQ� WRSOXOX÷XQ� LVWDWLVWLNVHO

|]HOOLNOHULQL� oÕNDUWPDNWÕU��%|\OHOLNOH� WRSOXOX÷XQ�HOHPDQODUÕ� YH�GD÷ÕOÕPODUÕ� KDNNÕQGD

ELOJL�VDKLEL�ROXQXU��0HUNH]L�OLPLW�WHRUHPL��RODVÕOÕN�DODQÕQGDNL�HQ�|QHPOL�WHRUHPOHUGHQ

ELULGLU�� %X� WHRUHP� VD\HVLQGH� oRN� JHQLú� ELU� RODVÕOÕNVDO� ROD\Õ�� QRUPDO� GD÷ÕOÕPÕ

NXOODQDUDN�� KHP� SUDWLN� KHP� GH� WHRULN� DQODPGD� \RUXPOD\DELOPHPL]L� VD÷ODU�

%|\OHOLNOH�VWDQGDUW�QRUPDO�GD÷ÕOÕP�WDEORVXQX�NXOODQDUDN��|UQHNOHULQ�RUWDODPDODUÕQÕ�GD

NXOODQDUDN�o|]�PH�XODúÕODELOLU�
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*HQHOOLNOH�WRSOXOX÷XQ�HOHPDQODUÕQÕQ�W�P���LúOHPLQ�oRN�SDKDOÕ�YH�X]XQ�ROPDVÕQGDQ�EX

istatiksel incelemede yer alamazlar. Bu nedenle, topluluk içinden seçilen belirli

VD\ÕGDNL� |UQHN� JUXEX� LOH� WRSOXOX÷XQ� WDPDPÕQÕQ� |]HOOLNOHUL� EHOLUOHQLOPH\H� oDOÕúÕOÕU�

7RSOXOXNWDQ� DOÕQDQ� EX� |UQHN� JUXEXQXQ� LVWDWLNVHO� |]HOOLNOHUL�� JUXEXQ� WDPDPÕQÕQ

istatiksel özellikleri ile benzerdir[10].

ùHNLO 2.17RSOXOXN YH WRSOXOXNWDQ DOÕQDQ |UQHNOHU

7RSOXOX÷XQ� W�P�QH� LOLúNLQ� RODQ� RUWDODPD� YH� YDU\DQV� GH÷HUOHULQH�� parametre,

WRSOXOXNWDQ�VHoLOHQ�|UQHN�JUXEXQGDQ�HOGH�HGLOHQ�RUWDODPD�YH�YDU\DQV�GH÷HUOHULQH�GH

istatistik denilir. Genel olarak literatürlerde, parametreler Greek harfleri, istatistikler

de Latin harfleri ile gösterilir.

%X�HOGH�HWWL÷LPL]�GH÷HUOHUL�ú|\OH�J|VWHUHOLP�

Tablo 2.1%LU WRSOXOX÷XQ SDUDPHWUH YH LVWDWLVWLNOHUL

Parametre øVWDWLVWLN

Ortalama x x̂

Standart Sapma )(xσ )(ˆ xσ

Bu tablodaki x̂�GH÷HUL�

∑
=

=
N

i
ix

N
x

1

1
ˆ (2.15)
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GHQNOHPL�LOH�KHVDSODQÕU�

%LU� WRSOXOX÷XQ� SDUDPHWUHOHULQL� EHOLUOHPHN� LoLQ�� WRSOXOXN� LoLQGHQ� |UQHNOHU� DOÕS�

RUWDODPD� YH� YDU\DQVÕQÕ� KHVDSODUÕ]�� %X� LúOHPGH� HOGH� HGLOHQ� GH÷HUOHU�� WRSOXOX÷XQ

parametreleri olan x  ve )(xσ � JHUoHN� RUWDODPD� YH� YDU\DQV� GH÷HUOHULQGHQ� VDSPD

gösterirler bu da bir nevi hataya sebep olur. Çünkü elde edilen istatistikler, seçilen

|UQHNOHULQ�RUWDODPD�YH�YDU\DQVÕGÕU�YH�WRSOXOX÷XQ�WDPDPÕ�HOH�DOÕQPDGÕ÷ÕQGDQ�GROD\Õ�

JHUoHN�GH÷HUOHUGHQ�IDUNOÕOÕN�J|VWHULU�

ùHNLO 2.2 Merkezi limit teoremi

7RSOXOX÷XQ� SDUDPHWUHOHUL� YH� WRSOXOXNWDQ� DOÕQDQ� |UQHNOHULQ� LVWDWLVWLNOHUL� DUDVÕQGDNL

LOLúNL��WRSOXOXNWDQ�DOÕQDQ�|UQHN�VD\ÕVÕ�LOH�LOJLOLGLU�YH�PHUNH]L�OLPLW�WHRUHPLQH�J|UH�EX

LOLúNL�úX�úHNLOGHGLU�

• gUQHNOHULQ�RUWDODPDVÕ��QRUPDO�GD÷ÕOÕP�úHNOLQGH�GD÷ÕOÕU�

• %X� |UQHNOHULQ� RUWDODPDODUÕQÕQ� GD÷ÕOÕPÕQÕQ� RUWDODPDVÕQD�� x̂µ GHUVHN�� EX� GH÷HU

WRSOXOX÷XQ� JHUoHN� RUWDODPD� GH÷HUL� RODQ� x � SDUDPHWUHVLQH� HúLW� RODFDNWÕU� YH

RUWDODPDODUÕQ�VWDQGDUW�VDSPDVÕQÕQ�GD÷ÕOÕPÕQÕ�� )ˆ(xσ RODUDN�J|VWHULUVHN��WRSOXOX÷XQ

VWDQGDUW�VDSPDVÕ�LOH�DUDVÕQGDNL�LOLúNL�

N

x
x

)(
)ˆ(

σσ = (2.16)
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GHQNOHPLQH� HúLWWLU�� %X� IRUP�OGHQ� GH� J|U�OHELOHFH÷L� JLEL�� WDP� GR÷UX� VRQXFD� DQFDN

∞→N � GXUXPDGD� XODúÕODELOPHNWHGLU�� %X� GD� EL]LP� VRQVX]� |UQHN� DODUDN�� N�PHQLQ

WDPDPÕQÕ�LQFHOHPHPL]�GXUXPGD�V|]�NRQXVXGXU>�����@�

%XUDGD� úDúÕUWÕFÕ� RODQ�� PHUNH]L� OLPLW� WHRUHPLQGH�� PH\GDQD� JHOHQ� KDWD� \DQL� ROXúDQ

VDSPD� JHUoHN� WRSOXOX÷XPX]XQ� GD÷ÕOÕPÕQD� ED÷OÕ� GH÷LOGLU� YH� WRSOXOXNWDQ� DOGÕ÷ÕPÕ]

|UQHNOHULQ�RUWDODPDVÕQÕQ�GD÷ÕOÕPÕ�GDLPD�QRUPDO�GD÷ÕOÕP�úHNOLQGHGLU��$\UÕFD�ELU�oRN

GD÷ÕOÕP�LoLQ��QRUPDO�GD÷ÕOÕP�N�DUWWÕNoD�ROGXNoD�KÕ]OÕ�ELU�\DNÕQVDPD�J|VWHULU��%XUDGD

N� GH÷HUL�� KHU� RUWDODPD� GH÷HUL� LoLQ� HOH� DOÕQDQ� |UQHN� VD\ÕVÕGÕU�� WRSODP� |UQHN� VD\ÕVÕ

GH÷LOGLU�

%LU� GH÷LúNHQLQ� QRUPDO� GD÷ÕOÕP� |]HOOLNOHULQL� J|VWHUHELOPHVL� LoLQ�� HOHPDQ� VD\ÕVÕQÕQ

n>30� úDUWÕQÕ� VD÷ODPDVÕ� JHUHNOLGLU�� (÷HU� HOHPDQ� GH÷HUOHUL� oRN� D\UÕN� YH� ELUELULQGHQ

ROGXNoD� IDUNOÕOÕN� J|VWHUL\RUVD�� n>30� HOHPDQ� VD\ÕVÕ� GH÷HUL� EL]H� QRUPDO� GD÷ÕOÕPÕ

JDUDQWLOH\HPH\HELOLU>�����@�� %|\OH� ELU� GXUXPGD� ��� YH� GDKD� ID]OD� |UQHN� DOÕQPDVÕ

JHUHNOLGLU�� dRN� NDUPDúÕN� GD÷ÕOÕPOÕ� IRQNVL\RQODUÕQ� LQFHOHQPHVL� ROGXNoD� ULVNOLGLU� YH

KHVDSODPDODUGD� GLNNDWOL� ROXQPDVÕ� JHUHNOLGLU� DPD� E|\OH� ELU� GD÷ÕOÕPD� GD� oRN� VÕN

UDVODQPD]��<LQH�GH�VRQXoODUD�GDKD�L\L�\DNODúÕP�\DSDELOPHN�YH�J�YHQLOLUOL÷L�NRQWURO

HWPHN�LoLQ����
GHQ�ID]OD�RUWDODPD�|UQH÷L�DOPDN�\HULQGH�ELU�NDUDU�RODFDNWÕU�

%X�WH]GH�\DSÕODQ�GHQHPHOHUGH��RUWDODPD�KHVDSODUÕ�������������������������������������

���������������������������YH�����������
OLN�|UQHN�JUXSODUÕ�RODUDN�LQWHJUDO�GH÷HUOHUL

\DQL�RUWDODPD�GH÷HUOHUL�KHVDSODQPÕúWÕU��%X�|UQHN�JUXSODUÕQÕQ�RUWDODPD�GH÷HUOHULQLQ�

da n>30�úDUWÕQÕ�VD÷ODPDVÕ�LoLQ��KHU�|UQHN�JUXEX�GHQHPHVL������NH]�WHNUDU�HGLOPLúWLU�

2.5.1 0HUNH]L�OLPLW�WHRUHPLQLQ�LVSDWÕ

0HUNH]L� OLPLW� WHRUHPLQH� XODúPDN� LoLQ�� RODVÕOÕN� WHRULVLQLQ� WHPHOL� RODQ� ELQRP

GHQNOHPLQL�HOH�DODOÕP�

MNM qp
MNM

N
MB −

−
=

)!(!

!
)(  (2.17)

Bu denklemde N� ED÷ÕPVÕ]� GHQHPH� VRQXFXQGD� HOGH� HGLOHQ�M� EDúDUÕ� RODVÕOÕ÷Õ� LIDGH

HGLOPHNWHGLU��(úLWOLNWHNL�p� GH÷HUL�� GHQHPH� VRQXFXQGDNL�EDúDUÕ� RODVÕOÕ÷ÕQÕ�� pq −= 1

olmak üzere de q� GH÷HUL� GHQHPHQLQ� EDúDUÕVÕ]OÕNOD� VRQXoODQPDVÕ� RODVÕOÕ÷ÕQÕ
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göstermektedir. N ve N-M� GH÷HUOHULQLQ� \HWHULQFH� E�\�N� ROGX÷X� GXUXPODU� LoLQ�

Stirling denklemini kullanarak,

nenn nn π2! −= (2.18)

\D]DUDN���������GHQNOHPLQL�QRUPDO�GD÷ÕOÕP�úHNOLQH�JHWLUHOHELOLUL]�








 −−=≅
)ˆ(2

)ˆ(
exp

2)ˆ(

1
)ˆ()(

2

2

x

xx

x
xfMB

σπσ
(2.19)

Burada, Npx = ve Npqx =)ˆ(σ GH÷HULQH�HúLWWLU�� ∞→N 
D�JLWWL÷L�GXUXPGD��PHUNH]L

limit teoremine göre, N tekrar sonucunda Monte Carlo yöntemi ile elde edilen x̂ 'in

GD÷ÕOÕPÕ�� ������� GHQNOHPLQGH� HOGH� HGLOHQ� )ˆ(xf � QRUPDO� GD÷ÕOÕP� GDYUDQÕúÕQÕ

J|VWHUHFHNWLU�� %DúND� ELU� GH\LúOH�� oRN� VD\ÕGD� UDVJHOH� VD\ÕQÕ� WRSODPÕ� QRUPDO� GD÷ÕOÕP

NDUDNWHULVWL÷LQL�J|VWHULU>��@�

�������GHQNOHPLQL��������GHQNOHPLQGH�\HULQH�NR\GX÷XPX]GD�








 −−=
)(2

)ˆ(
exp

)(

1

2
)ˆ(

2

2

x

xxN

x

N
xf

σσπ
(2.20)

HúLWOL÷LQL�HOGH�HWPLú�ROXUX]�� �%|\OHOLNOH�GHQNOHPLPL]��*DXVV�GD÷ÕOÕPÕ�KDOLQH�JHOPLú

olur.

1RUPDO� �*DXVV�� GD÷ÕOÕPÕ�� ELU� oRN� IDUNOÕ� P�KHQGLVOLN�� IL]LN� YH� LVWDWLVWLN

SUREOHPOHULQLQ� o|]�P�QGH� \D\JÕQ� RODUDN� NXOODQÕOÕU�� Gauss modelinin en dikkat

çekici yönü, merkezi limit teoremiQH� GD\DQPDVÕGÕU�� %X� QHGHQOH�� *DXVV� PRGHOL

JHQHOOLNOH�HOGHNL�YHULOHULQ��EHOOL�ELU�NXUDOD�X\PDGDQ��ROGXNoD�GH÷LúNHQ�GDOJDODQPDODU

J|VWHUGL÷L�GXUXPODUGD�NXOODQÕOÕU�

N�|UQHN�VD\ÕVÕ�VRQOX�ROGX÷X�P�GGHWoH��0RQWH�&DUOR�KHVDSODPDODUÕQGD�WDP�ELU�VRQXo

HOGH� HWPHN� P�PN�Q� GH÷LOGLU�� %X� \�]GHQ� x � FLYDUÕQGD�� x̂ 
LQ� EHOLUOL� ELU� RODVÕOÕNOD

LoLQGH�EXOXQDFD÷Õ��ELU�OLPLW�GH÷HU�YH\D�ELU�DUDOÕN�WDKPLQ�HGLOPH\H�oDOÕúÕOÕU�

0HUNH]L�OLPLW�WHRUHPLQL�7HUV�)RXULHU�'|Q�ú�P��LOH�GH�LVSDWOD\DELOLUL]�
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(x1, x2,…,xN) N� WDQH� UDVJHOH� ED÷ÕPVÕ]� GH÷LúNHQ� WDNÕPÕ� ROPDN� �]HUH�� KHU� xi

GH÷LúNHQLQLQ�RUWDODPDVÕ�µi�YH�YDU\DQVÕ�σi  olan keyfi bir P(x1,…,xN)�RODVÕOÕN�GD÷ÕOÕP

IRQNVL\RQXQXQ� ROGX÷XQX� YDUVD\DOÕP�� %X� GXUXPGD� EX� UDVJHOH� GH÷LúNHQ� JUXEXQXQ

QRUPDOL]H�UDVODQWÕ�GH÷LúNHQL�

∑

∑∑

=

==

−
=

N

i
i

N

i
i

N

i
i

norm

x

X

1

2

11

σ

µ
(2.21)

µLQ� RUWDODPD� GH÷HUL� µ �� YH� YDU\DQVÕ� GD� σ2 �� RODFDNWÕU�� (÷HU� GH÷LúNHQL� QRUPDOL]H

IRUPD�G|Q�úW�UPHN�P�PN�Q�GH÷LOVH�

∑
=

=
N

i
ix

N
X

1

1
(2.22)

GH÷LúNHQL�QRUPDO�GD÷ÕOÕU�YH�RUWDODPDVÕ�µX=µx�YH�YDU\DQVÕ�GD�
N
x

X

σ
σ = ’dir[13-20].

Bunu ispatlamak için, PX(f)’in 7HUV�)RXULHU�'|Q�ú�P�QGHQ�\ROD�oÕNDOÕP�

[ ])(1 fPF X
−

∫
∞

∞−

≡ dXXpe ifX )(2π
(2.23)

∫∑
∞

∞−

∞

=

= dXXp
n

ifX

n

n

)(
!

)2(

0

π

∫∑∑
∞

∞−

∞

=

∞

=

= dXXpX
n

if

n

n

n

n

)(
!

)2(

00

π

n

n

n

X
n

if∑
∞

=

=
0 !

)2( π

Bu nX  parametresini de,

nX ( )n
N

n xxxN +++= − ...21
(2.24)



29

( )∫
∞

∞−

− +++= NN
n

N
n dxdxdxxpxpxpxxxN ...)()...()(... 212121

úHNOLQGH�\D]DUVDN�

[ ])(1 fPF X
−

n

n

n

X
n

if∑
∞

=

=
0 !

)2( π (2.25)

( )∫∑
∞

∞−

−
∞

=
+++= NN

n
N

n

n

n

dxdxdxxpxpxpxxxN
n

if
...)()...()(...

!

)2(
212121

0

π

( )
∫ ∑
∞

∞−

∞

=




 +++

= NN
n

n

N dxdxdxxpxpxp
nN

xxxif
...)()...()(

!

1...2
2121

0

21π

( )












= ∫∫

∞

∞−

∞

∞−

+++

NN
N

ifx

NN
N

xxxif

dxxpedxdxdxxpxpxpe
NN

)(...)()...()(
2

2121

...2 21 ππ

N

N

ifx

dxxpe 







= ∫

∞

∞−

)(
2π

N

dxxpx
N

if
x

N

if
























+





+





+= ∫

∞

∞−

)(...
2

2

12
1 2

2ππ

( ) N

Ndxxpx
N

f
dxxxp

N

if
dxxp 








Ο+−





+= −

∞

∞−

∞

∞−

∞

∞−
∫∫∫ )()(

2

2
)(

2
)( 32

2

2ππ

( ) N

Nx
N

f
x

N

if








Ο+−+= − )(

2

22
1 32

2

2ππ

( )




















Ο+−+= − )(

2

22
1lnexp 32

2

2

Nx
N

f
x

N

if
N

ππ

Bu denklemi,
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...
3

1

2

1
)1ln( 32 ++−=+ xxxx (2.26)

LOH�JHQLúOHWLUVHN�

xx =µ (2.27)

222 xxx −=σ (2.28)

ROGX÷XQGDQ�GHQNOHP�DúD÷ÕGDNL�KDOL�DODFDNWÕU�

[ ])(1 fPF X
− ( ) ( )





















Ο++−≈ − )(

2

2

1

2

22
exp 32

2

2
2

2

2

Nx
N

if
x

N

f
x

N

if
N

πππ (2.29)

( ) ( )













Ο+

−
−= − )(

2

2
2exp 3

222

N
N

xxf
xif

π
π

( )











−≈

N

f
if x

x 2

2
2exp

22σπ
µπ

Bu denklemin de�)RXULHU�'|Q�ú�P�Q��DOÕUVDN�

)(Xp
[ ]∫

∞

∞−

−−≡ dffPFe X
ifX )(12π

(2.30)

( )

∫
∞

∞−

−−
≡ dfe N

f
Xif x

x
2

2
)(2

22σπ
µπ

denklemini elde ederiz. )(2 xa x −= µπ  ve 
( )

N
b x

2

2 2πσ
=  olmak üzere,

∫
∞

∞−

− dfe bfiaf 2

(2.31)
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denklemine, Abramowitz ve Stegun [14] (1972, s.302, denklem 7.4.6)’daki

G|Q�ú�P��X\JXOD\ÕS�

b
edfe b

a
bfiaf π4

2

2 −∞

∞−

− =∫ (2.32)

úHNOLQGH�\D]DELOHFH÷LPL]GHQ�

)(Xp

( )
[ ]

( )

















−

−=

N

x

N
x

x

x

2

2
4

)(2
exp

2

2 2

2

2 πσ
µπ

πσ
π

(2.33)











 −
−=

22

22

22 16

2)(4
exp

4

2

x

x

x

NxN

σπ
µπ

σπ
π











 −
−=

2

2

2

)(
exp

2 x

x

x

NxN

σ
µ

πσ

denklemini elde ederiz. Fakat burada 
N
x

X

σ
σ =  ve xX µµ = �ROGX÷XQGDQ�

)(Xp











 −
−=

2

2

2

)(
exp

2

1

X

X

X

x

σ
µ

πσ

(2.34)

0HUNH]L� OLPLW� WHRUHPLQLQ� GH� WHPHOLQL� ROXúWXUDQ� EX� GHQNOHPGHQGH� DQODúÕODELOHFH÷L

JLEL��oRN�ID]OD�YH�LOLQWLVL]�UDVJHOH�HWNLOHULQ� WRSODPÕ�\DNODúÕN�RODUDN�1RUPDO�'D÷ÕOÕP

gösterir.
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3. 0217(�&$5/2�<g17(0ø

0RQWH� &DUOR� \|QWHPL�� NDUPDúÕN� YH� oRN� HOHPDQOÕ� VLVWHPOHULQ� |]HOLNOHULQLQ

KHVDSODQPDVÕQGD� J�oO�� ELU� \|QWHP� ROPDNOD� ELUOLNWH�� GHWHUPLQLVWLN� ROPD\DQ

LúOHPOHUGH� GH� NXOODQÕOÕU�� 0DWHPDWLN� IRUP�OOHUGHQ� ]L\DGH�� NDUPDúÕN� PRGHOOHULQ

FDQODGÕUÕOPDVÕ�\ROX\OD�PRGHOOHPH�\DSDQ�ELU�WHNQLNWLU���0RQWH�&DUOR���WHULPL��0RQWH

&DUOR� úHKULQGH� UDVJHOH� VD\ÕODUOD� R\QDQDQ� UXOHW� YH� GL÷HU� R\XQODUD� EHQ]HU� RODUDN�

UDVJHOH�VD\ÕODU�NXOODQÕODUDN��\DNODúÕPÕQ�JHUoHNOHúWLULOPHVLQGHQ�ND\QDNODQPDNWDGÕU�

0RQWH�&DUOR�\|QWHPL��GHWHUPLQLVWLN� VD\ÕVDO�ELU� \|QWHP�GH÷LOGLU��$NVLQH�� RODVÕOÕNVDO

WHPHOOHUH�GD\DOÕ�RODUDN��PDWHPDWLNVHO�YH\D�IL]LNL�SUREOHPOHUL�o|]PH\L�KHGHIOH\HQ�ELU

\|QWHPGLU�� 3UREOHPLQ� o|]�P�� LoLQ� RODVÕOÕNVDO� ELU� EHQ]HUOLN� NXUPD\D� oDOÕúDUDN�

GHQH\VHO� |UQHNOHPH� DUDFÕOÕ÷Õ� LOH�� PDWHPDWLNVHO� ELU� PRGHO� NXUPD� DPDFÕ

J�G�OG�÷�QGHQ�� \|QWHP�� UDVODQWÕVDO� V�UHoOHUOH� WDQÕPODQDQ� IL]LNVHO� GHQH\OHUH� GDKD

\DNÕQ�ELU�\|QWHPGLU�

<|QWHPGH��UDVJHOH�VD\ÕODU��UHWLOHUHN�GR÷DO�UDVJHOH�V�UHoOHU�FDQODQGÕUÕOPD\D�oDOÕúÕOÕU�

%X� \|QWHPLQ� WHPHO� DPDFÕ�� E�\�N� HOHPDQODU� WRSOXOX÷XQXQ� |]HOOLNOHULQLQ�� UDVJHOH

RODUDN�VHoLOPLú�ELU�DOW�N�PHVL�DUDFÕOÕ÷Õ�LOH�oÕNDUWÕOPDVÕGÕU��gUQH÷LQ��KHUKDQJL�ELU� f(x)

fonksiyounun (a, b)�DUDOÕ÷ÕQGDNL�EHNOHQHQ�GH÷HUL��EX�IRQNVL\RQXQ�EX�DUDOÕNWD��UDVJHOH

VHoLOHQ�VRQOX�VD\ÕGDNL�QRNWDODUÕQÕQ�EHNOHQHQ�GH÷HULQGHQ�oÕNDUÕODELOLU�

3.1 +DWD�'H÷HUOHQGLUPHVL

0RQWH�&DUOR�\|QWHPL��KHVDSODPDGD�NXOODQÕODQ�SURJUDPÕQ�SHN�oRN�NH]�oDOÕúWÕUÕOPDVÕ

YH� ELU� oRN� GHQHPHQLQ� VRQXFXQGD� XODúÕODQ� RUWDODPD� o|]�POHU� YHULU�� %X� QHGHQOH

o|]�POHU�� EHNOHQHQ� GH÷HU� KDNNÕQGD� \DSÕODQ� WDKPLQOHULQ� GDOJDODQPDODUÕQÕ� YH� GH

\�NVHOLS� DOoDOPDODUÕQÕ� GD� LoHULU�� 2ODVÕOÕNVDO� ELU� \DNODúÕP� \DSÕOGÕ÷ÕQGDQ�� WDP� RODUDN

NHVLQ�ELU�VRQXo�HOGH�HGLOPHVL�LPNDQVÕ]GÕU�



33

0RQWH� &DUOR� \|QWHPLQLQ� X\JXODQPDVÕQGD� ROXúDQ� EX� RODVÕOÕNVDO� EHOLUVL]OL÷L

GH÷HUOHQGLUPHN� LoLQ�� UDVJHOH� GH÷LúNHQOHUOH� LOLúNLOL� oHúLWOL� RODVÕOÕNVDO� WHNQLNOHUH

EDúYXUXOPDNWDGÕU�

0RQWH�&DUOR�\|QWHPLQGH��KDWD�RODUDN�LQFHOHQHQ��%|O�P��
GH�GH�EDKVHGLOGL÷L�JLEL�elde

HGLOHQ� EHNOHQHQ� GH÷HU� YH� EX� GH÷HULQ� YDU\DQVÕ
GÕU�� %X� GH÷HUOHU�� Merkezi Limit

Teoremi ile incelenir.

X� UDVJHOH� GH÷LúNHQLPL]� YH� p(x) x�UDVJHOH� GH÷LúNHQLPL]LQ� RODVÕOÕN� \R÷XQOXN

IRQNVL\RQX�ROPDN��]HUH��EX�GH÷LúNHQLPL]LQ�EHNOHQHQ�GH÷HUL� xolmak üzere,

∫
∞

∞−

= dxxxpx )( (3.1)

ROGX÷XQGDQ�� 0RQWH� &DUOR� \|QWHPLQGH� NXOODQGÕ÷ÕPÕ]� JLEL�� xi UDVJHOH� YH� ED÷ÕPVÕ]

örnekler olmak üzere, x
LQ� VHoWL÷LPL]� EX� xi� ED÷ÕPVÕ]� QRNWDODUÕQD� J|UH� EHNOHQHQ

GH÷HUL�

∑
=

=
N

i
ix

N
x

1

1
ˆ (3.2)

RODFDNWÕU�� x̂  kestrimi, tam olarak x  JHUoHN� EHNOHQHQ� GH÷HULQH� HúLW� ROPDGÕ÷ÕQGDQ

GROD\Õ��EX�LNL�GH÷HU�DUDVÕQGDNL�VDSPDODU�EL]H�KDWD�VDoÕOÕPÕPÕ]Õ�YHUHFHNWLU�� �%X�KDWD

VDoÕOÕPÕQÕ�EXOPDN�LoLQ��|QFHOLNOH�x
LQ�NHQGL�JHUoHN�EHNOHQHQ�GH÷HULQGHQ�VDoÕOÕPÕQÕQ

NDUHVLQLQ�EHNOHQHQ�GH÷HULQL�\DQL�YDU\DQVÕQÕ�KHVDSOD\DOÕP�

( ) ( )∫
∞

∞−

−=−== dxxpxxxxxVar )()(
222σ (3.3)

( ) 222
2 xxxxxx +−=− �ROGX÷XQGDQ��EX�GHQNOHPL�

∫ ∫ ∫
∞

∞−

∞

∞−

∞

∞−

+−= dxxpxdxxxpxdxxpx )()(2)(
222σ (3.4)

�úHNOLQGH�\D]DELOLUL]��%XUDGDQ�GD�
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)()(
222 xxx −=σ (3.5)

denklemini elde edelim. Varyans )(2 xσ 'in karekökü, x
LQ� EHNOHQHQ� GH÷HUL� x

HWUDIÕQGD� QH� NDGDU� ELU� VDoÕOÕP� J|VWHUGL÷LQLQ� ELU� LIDGHVLGLU� YH� standart sapma bu

durumda,

2

1
22)( 


 −= xxxσ (3.6)

úHNOLQGH�J|VWHULOLU�

%X�VWDQGDUW�VDSPD�GH÷HUL��D\QÕ�]DPDQGD�PH\GDQD�JHOHQ�KDWDQÕQ�E�\�NO�÷��KDNNÕQGD

ELOJL� YHULU�� %HNOHQHQ� GH÷HUL� x  olan, x� GH÷HULPL]� LOH�� 0RQWH� &DUOR� \|QWHPLQGH

NXOODQGÕ÷ÕPÕ]�EHNOHQHQ�GH÷HUL� x̂ �RODQ��ED÷ÕPVÕ]�YH�GH�UDVJHOH�VHoLOHQ�xi örneklerinin

VWDQGDUW�VDSPDVÕ�DUDVÕQGD�

N

x
x

)(
)ˆ(

σσ = (3.7)

úHNOLQGH� ELU� LOLúNL� YDUGÕU�� %X� GHQNOHPGHQ� J|U�OHELOHFH÷L� JLEL�� 0RQWH� &DUOR

yönteminde, x �GH÷HULQH�XODúDELOPHN� LoLQ�NXOODQGÕ÷ÕPÕ]��xi�|UQHNOHULQLQ�VD\ÕVÕ�N ne

kadar yüksekse, x̂ �GH÷HULPL]GH�DUDGÕ÷ÕPÕ]� xGH÷HULQH�R�NDGDU�\DNÕQGÕU��0RQWH�&DUOR

\|QWHPLQGH�� KDWD� ER\XWWDQ� ED÷ÕPVÕ]GÕU� YH� ������ GHQNOHPLQGHQ� J|U�OHELOHFH÷L� JLEL�

N

1
�LOH�RUDQWÕOÕ�RODUDN�D]DOÕU��0HVHOD��KDWDPÕ]Õ�

10

1
�D]DOWDELOPHN�LoLQ��|UQHN�VD\ÕPÕ]

NN *100= �\DQL�����NDW�DUWWÕUÕOPDOÕGÕU�

'L÷HU� LQWHJUDWLRQ� PHWRGODUÕQGD� KDWD�
dN
2

1
� �|UQH÷LQ�� WUDSH]RLG� \|QWHPLQGH�� LOH

RUDQWÕOÕGÕU�� %X� GXUXPGD� GD�� 0RQWH� &DUOR� LQWHJUDO� \|QWHPLQLQ� �� ER\XW� LoLQ�� GL÷HU

\|QWHPOHU�NDGDU�YHULPOL�RODPD\DFD÷Õ�oRN�DoÕNWÕU��$QFDN�VWDQGDUW�VDSPD��LQWHJUDV\RQ

ER\XWXPX]GDQ� ED÷ÕPVÕ]� ROGX÷XQGDQ�� \|QWHPLPL]�� ER\XWXPX]XQ� d > 4� ROGX÷X

GXUXPODU� LoLQ� GDKD� KÕ]OÕ� YH� GDKD� D]� KDWDOÕ� VRQXoODU� YHUHFHNWLU�� %XUDGDQ� GD
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DQODúÕODELOHFH÷L�JLEL��\�NVHN�ER\XWOX�LQWHJUDO�DOPD�LúOHPOHULQGH�0RQWH�&DUOR�\|QWHPL

GDKD�DYDQWDMOÕ�KDOGHGLU�

3.2 6D\ÕVDO�øQWHJUDV\RQ

(OHNWURPDQ\HWLN� SUREOHPOHULQ� o|]�P�QGH� oRN� VÕNOÕNOD� DQDOLWLN� RODUDN� o|]�OHPH\HQ

SUREOHPOHUOH� NDUúÕODúÕUÕ]�� g]HOOLNOH� oRN� ER\XWOX� LQWHJUDO� DOPD� JHUHNOLOLNOHULQGH

KHVDSODPDODU�ROGXNoD�\�NVHN�PDOL\HWOL��YH�GH�X]XQ�V�UHOL�ROPDNWDGÕU�

0RQWH� &DUOR� \|QWHPLQGH� PDQWÕN�� LQWHJUH� HGLOHFHN� IRQNVL\RQXQ� SDUoDVÕQÕQ�

LQWHJUDV\RQ� DUDOÕ÷ÕQGD� QRUPDOL]H� RODVÕOÕN� \R÷XQOXN� IRQNVL\RQX� RODUDN

G�ú�Q�OHELOHFH÷L�WHPHOLQH�GD\DQÕU�

<|QWHPGH�� LQWHJUDOLQ� \DNÕQVDPDVÕ� NXDGUDWLN� IRUP�OOHULQ� DNVLQH� ER\XWWDQ

ED÷ÕPVÕ]GÕU�� øQWHJUDV\RQ� ER\XWX� DUWWÕNoD�� NXDGUDWLN� IRUP�OOHU� GDKD� NDUPDúÕN� KDOH

JHOLUNHQ�� 0RQWH� &DUOR� \|QWHPLQLQ� IRUP�ODV\RQX� YH� KDWD� E�\�NO�÷�� GH÷LúPH]�

%|\OHOLNOH�� \�NVHN� ER\XWOX� LQWHJUDO� DOÕQPDVÕ� JHUHNHQ� SUREOHPOHUGH�� ��� YH\D� GDKD

\�NVHN� ER\XWOX� LQWHJUDOOHULQLQ�� EX� RODVÕOÕNVDO� \|QWHPOH� o|]�OPHOHUL� GDKD� HOYHULúOL

KDOH�JHOLU��%LU�oRN��LQWHJUDO�IRQNVL\RQXQD�GD�UDKDWOÕNOD�X\JXODQDELOHQ�ELU�\|QWHPGLU

YH�ROXúDFDN�KDWD�LúOHP�\DSÕOPDGDQ�|QFH�\DNODúÕN�RODUDN�UDKDWOÕNOD�NHVWLULOHELOLU�

*HQHO� RODUDN� 0RQWH� &DUOR� \|QWHPL� úX� úHNLOGHGLU�� +HUKDQJL� ELU� R bölgesinde f

fonksiyonunun integralini almak isteyelim.

∫=
R

fI (3.8)

x=(x1,x2,...,xd), d integral boyutunu göstermek üzere, böyle bir integralin kuadratik

RODUDN�WRSODP�úHNOLQGH�J|VWHULOLPL�

∑∑ ∑∫
= = =

∆==
N

i

N

i

N

i

d
ii

d

R
d

xxfxdxxfI
11 12 13

1
),,()( 1

�� (3.9)

úHNOLQGHGLU��d�ER\XWX�oRN�DUWWÕ÷ÕQGD�LVH��EX�IRUP�O�Q�o|]�P��JLWWLNoH�NDUPDúÕNODúÕU�

gUQH÷LQ�� EL]� KHU� ER\XW� LoLQ� Nb=10� |UQHN� HOHPDQÕ� NXOODQGÕ÷ÕPÕ]� GXUXPGD� ELOH�

WRSODP� DOPDPÕ]� JHUHNHQ� |UQHN� VD\ÕVÕ�� �� ER\XW� LoLQ�� N=Nd=105=100000'dur. Bu



36

GXUXPGD� SUREOHP�� o|]�OPHVL� ROGXNoD� ]RU� ELU� SUREOHP� KDOLQH� G|Q�ú�U�� %X� |UQHN

VD\ÕVÕ�LoLQ��WUDSH]RLG�\|QWHPLQGH�ROXúDFDN�KDWD�� 01.0
100

1

100000

11

5

22
===

dN

 ; buna

NDUúÕOÕN� 0RQWH� &DUOR� \|QWHPLQGH� PH\GDQD� JHOHFHN� KDWD� LVH�

00316.0
22776.316

1

100000

11 ===
N


GÕU�� %X� KHVDSODPDGDQ� GD� J|U�OG�÷�� JLEL�

ER\XW�VD\ÕVÕ�DUWWÕNoD�0RQWH�&DUOR�GDKD�HOYHULúOL�ELU�KDOH�JHOPHNWHGLU�

%|\OH�ELU�SUREOHP�LVH��0RQWH�&DUOR�\|QWHPLQGH�EDVLW�ELU�WRSODPD�LúOHPL�KDOLQGHGLU�

f(x) fonksiyonumuzu, p(x), fonksiyonumuzun d� ER\XWOX� UDVJHOH� GH÷LúNHQOHUL� LoLQ�

RODVÕOÕN� \R÷XQOXN� IRQNVL\RQX� ROPDN� �]HUH�� f(x)=p(x)g(x)� úHNOLQGH� \D]DOÕP�� %X

RODVÕOÕN�\R÷XQOXN�IRQNVL\RQX�\DUGÕPÕ\OD�IRQNVL\RQXPX]GDQ�Xk ED÷ÕPVÕ]�|UQHNOHULQL

DOÕUVDN��0RQWH�&DUOR�\DNODúÕPÕPÕ]Õ�

[ ]∫ ∫ ∑
=

≈==
N

k
kp Xg

N
XgEdxxpxgdxxf

1

)(
1

)()()()( (3.10)

RODUDN� \DSDELOLUL]�� %X� \DNODúÕPÕQ� KDWDVÕ��
N

1
ROPDVÕQD� UD÷PHQ�� G� ER\XWX� LoLQ

NXDGUDWLN�IRUP�O�Q�Q�NDUPDúÕN�KDOLQGHQ�GROD\Õ�WHUFLK�HGLOHELOLU�ELU�KDOGHGLU�

R� E|OJHVL�� LQWHJUDOL� DOÕQDFDN� f(x)� UDVJHOH� GH÷LúNHQLQLQ� WDQÕPOÕ� ROGX÷X� E|OJH� ROPDN

�]HUH�� EX� E|OJHGH� G�]J�Q� ELU� GD÷ÕOÕP� J|VWHUHQ� RODVÕOÕN� \R÷XQOXN� IRQNVL\RQX� LoLQ

0RQWH� &DUOR� \|QWHPLQL� X\JXOD\DOÕP�� %X� GXUXPGD�� f(x)� UDVJHOH� GH÷LúNHQLQLQ

EHNOHQHQ�GH÷HUL�

∫ ==
R R

I
f

R
xf

1
)( (3.11)

YDU\DQVÕ�LVH�

2

2 11
))(( 










−= ∫∫

RR

f
R

f
R

xfVar (3.12)

ve R bölgesi de,
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∫=
R

dxR (3.13)

'dir. x GH÷HULQGHQ�� x LOH� D\QÕ� RODVÕOÕN� GD÷ÕOÕPÕQD� VDKLS��N� WDQH� ED÷ÕPVÕ]� x1,x2,...,xN

|UQH÷LQLQ�EHNOHQHQ�GH÷HUL�

∑
=

=+++ N

i
i

N xf
NN

xfxfxf

1

21 )(
1)(...)()(

(3.14)


GLU��%X�IRUP�O�\DUGÕPÕ\OD��f(x)
LQ�JHUoHN�EHNOHQHQ�GH÷HULQH�ROGXNoD�\DNÕQ�VRQXoODU

elde edilebilir. (3.11) denklemi ile (3.14)�GHQNOHPLQL�ELUOHúWLULUVHN�

∑
=

=
N

i
ixf

N

R
I

1

)( (3.15)

denklemini elde ederiz. Bu formül herhangi bir sonlu R bölgesindeki integrasyon için

NXOODQÕODELOLU�

ùHNLO 3.10RQWH &DUOR øQWHJUDV\RQX

gUQH÷LQ��EX�IRUP�O����ER\XWOX�DúD÷ÕGDNL�JLEL�ELU�LQWHJUDOH�X\JXODPDN�LVWH\HOLP�
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∫=
b

a

dxxfI )( (3.16)

Bu denklemi (3.15)'daki gibi yazarsak,

∑
=

−=
N

i
ixf

N

ab
I

1

)( (3.17)

denklemini elde ederiz. Burada xi, (a, b)�DUDOÕ÷ÕQGD��UHWLOPLú�UDVJHOH�ELU�VD\ÕGÕU�

$úD÷ÕGDNL�JLEL���ER\XWOX�ELU�LQWHJUDO�DOÕS�

∫ ∫=
b

a

d

c

dxdxxxfI 2121 ),( (3.18)

Monte Carlo formülünü uygulamak istersek,

∑
=

−−=
N

i
ii xxf

N

cdab
I

1

21 ),(
))((

(3.19)

denklemini elde ederiz. Burada, 1ix , (a, b)� DUDVÕQGD�� 2
ix ise, (c, d)� DUDVÕQGD� UDVJHOH

�UHWLOPLú�QRNWDODUGÕU�

3.2.1 Reddetme (rejection veya hit & miss) yöntemi

gQFHOLNOH��0RQWH�&DUOR�\|QWHPLQL��EHOLUOL� LQWHJUDO�GH÷HULQL�EXOPDGD�NXOODQDFD÷ÕPÕ]

UHGGHWPH� \|QWHPL� LOH� LQFHOH\HOLP�� %X� \|QWHP� X\JXODQPDN� LVWHQGL÷LQGH�� |QFHOLNOH�

VHoLOHQ�ELU�GD÷ÕOÕP� IRQNVL\RQX�NXOODQÕODUDN�HOGH�HGLOHQ� UDVJHOH�GH÷HUOHUGHQ� o|]�PH

JLGLOPH\H�oDOÕúÕOÕU�

$úD÷ÕGDNL�EHOLUOL�LQWHJUDOLQ�GH÷HULQL�EXOPDN�LVWH\HOLP�

∫=
b

a

dxxfI )( (3.20)
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Öncelikle, f(x)� IRQNVL\RQXQX�� IRQNVL\RQX� LoLQH� DODQ� VÕQÕUOÕ� ELU� E|OJH\H� NR\XS�� EX

E|OJH\L� GH� N�o�N� SDUoDODUD� E|OHUHN�� E|OJHQLQ� QH� NDGDUÕQÕQ� f(x) fonksiyonun içinde

NDOGÕ÷Õ�LOH�ELU�EHQ]HUOLN�NXUXS�� LQWHJUDO�GH÷HULPL]L�EXODELOLUL]��%XQX�VÕQÕUOÕ�E|OJHQLQ

içinde rasgele noktalar seçerek de yapabiliriz.

%|\OHOLNOH�� LQWHJUDOL� DOÕQPDN� LVWHQHQ� DODQ�� VD\ÕVDO� RODUDN� KHVDSODPDODUOD� GH÷LO�

IRQNVL\RQXQ�LoLQGH�ROGX÷X�E|OJHQLQ�UDVJHOH��UHWLOHQ�QRNWDODUOD�WDUDQPDVÕ�LOH�EXOXQXU�

)RQNVL\RQXQ� WDQÕPOÕ� ROGX÷X� E|OJHGH� VHoLOHQ� UDVJHOH� QRNWDODUÕQ� NDoÕQÕQ� IRQNVL\RQ

H÷ULVLQLQ� DOWÕQGD� EXOXQGX÷X�� IRQNVL\RQXPX]XQ� LQWHJUDO� GH÷HULQLQ� EXOXQPDVÕQD

\DUGÕPFÕ�RODFDNWÕU>��@�

%X�\|QWHPLQ�ELOJLVD\DU�DOJRULWPDVÕ�LVH��úX�úHNLOGHGLU�

• Öncelikle fonksiyonun, ùHNLO� 3.2
GH� J|U�OHELOHFH÷L� JLEL�� LQWHJUDOLQLQ� DOÕQPDVÕ

LVWHQHQ�E|OJHGHNL�VÕQÕUODUÕ�EHOLUOHQLU��5HGGHWPH�\|QWHPLQGH�IRQNVL\RQX�GD� LoLQH

DODQ�EX�VÕQÕUODQGÕUÕOPÕú�E|OJH�� LQWHJUDOLQ�DOÕQPDN�LVWHQLOGL÷L�(xmin,xmax)�DUDOÕ÷Õ�YH

f(x)� IRQNVL\RQXPX]XQ�HQ� \�NVHN� GH÷HULQGHQ� GDKD� E�\�N� RODQ� ELU� füst� GH÷HUL� LOH

belirlenir.

• 7DUDQDFDN� E|OJH� EX� úHNLOGH� EHOLUOHQGLNWHQ� VRQUD� E|OJH�� (xmin,xmax)� DUDOÕ÷ÕQGD

rasgele üretilen xi�GH÷HUL�VHoLOLU�

• 0 ile füst DUDVÕQGD�UDVJHOH�fi�GH÷HUL�VHoLOLU�

• (÷HU fi < füst ise, I i= füst(xmax - xmin)�RODUDN�DWDQÕU��GH÷LOVH�I i= 0 seçilir.

• Elde edilen bu Ii�GH÷HUOHULQLQ�RUWDODPDVÕ�EXOXQDUDN��LQWHJUDO�GH÷HULQH�HULúLOLU�

Bu algoritmaya,

∫∫ ==
max

min

max

min

)(
)(

)(
)(

x

x

x

x

dxxp
xp

xf
dxxfI (3.21)

formülünün bir nevi özel hali olarak bakabiliriz. Bu formülde, 3.2.4 Önem

|UQHNOHPHVL� �LPSRUWDQFH� VDPSOLQJ�� \|QWHPLQGH� DQODWÕODFD÷Õ� JLEL�� ELU� RODVÕOÕN

\R÷XQOXN�IRQNVL\RQXQD�GD\DOÕ�|UQHN�VHoLPL�\HU�DOPDNWDGÕU�YH�LQWHJUDO�o|]�P�QH�GH�
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)(

)(

i

i
i

xp

xf
I =  (3.22)

GH÷HULQLQ� RUWDODPDVÕQÕQ� KHVDSODQPDVÕ� LOH� HULúLOLU�� %XUDGD� VHoLOHQ� RODVÕOÕN� GD÷ÕOÕPÕ

(xmin,xmax)�DUDOÕ÷ÕQGD�G�]J�Q�GD÷ÕODQ�

 ) x- (x

1
)(

minmax

=xp (3.23)


GLU�� %XUDGD� \DSÕODQ� GHQHPHOHULQ� GH÷HUL��
üst

i

f

xf )(
� RODVÕOÕ÷Õ� LOH��

)( i

üst

xp

f
� GH÷HULQL�

üst

i

f

xf )(
1− �RODVÕOÕ÷Õ�LOH�0�GH÷HULQL�DOPDNWDGÕU>��@�

ùHNLO 3.2 Reddetme yöntemi

%X� DOJRULWPDQÕQ� SUDWLN� RODUDN� DoÕNODPDVÕ� LVH�� VHoLOHQ� QRNWDODUÕQ� NDEXO� YH\D

UHGGHGLOPHVL�RODUDN� \DSÕODELOLU��%X� LúOHP�ELU�QHYL�� úX� úHNLOGH�GH� \DSÕODELOLU�� VHoLOHQ

UDVJHOH� QRNWDODU�� H÷HU� f(x)� H÷ULVLQLQ� DOWÕQGD� � NDOÕ\RUVD� NDEXO�� �VW�QGH� NDOÕ\RUVD

UHGGHGLOHUHN�� WRSODP� \DSÕODQ� GHQHPHGHQ� NDo� WDQHVLQLQ� EDúDUÕOÕ� VRQXo� YHUGL÷L

KHVDSODQÕU�

%X� LúOHPLQ� VRQXFXQGD�� WRSODP� GHQHPH� VD\ÕVÕQÕQ� EDúDUÕOÕ� GHQHPHOHUH� RUDQÕ�� WRSODP

DODQ� LOH� LQWHJUDOL� DOÕQPDN� LVWHQHQ� f(x)� IRQNVL\RQXQXQ� DODQÕ� DUDVÕQGDNL� RUDQÕ

verecektir.
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%X�HúLWOL÷L�IRUP�OL]H�HGHUVHN�

( )∫ −≈=
max

min

minmax)(
X

X

üst
toplam

kabul xxf
N

N
dxxfI (3.24)

GHQNOHPLQL� HOGH� HGHUL]�� %X� \|QWHPLQ� VWDQGDUW� VDSPDVÕQÕ�� ELQRPLQDO� GD÷ÕOÕPÕQ

varyans formülü ile hesaplarsak, 
toplam

kabul

N

N
p =  olmak üzere,

toplamkabul NppN )1()( −=σ (3.25)


GXU�� %XUDGDQ�� LQWHJUDO� GH÷HULQLQ� YDU\DQVÕ�� GR÷UXGDQ� Nkabul� GH÷HULQH� ED÷OÕ

ROGX÷XQGDQ��KDWDQÕQ�N�GH÷HULQH�J|UH�GH÷LúLPLQL�EXOPDN�LVWHUVHN�

2)(Iσ
2

2)(

kabul

kabul

N

Nσ
=

(3.26)

2

1
1

kabul

toplam
toplam

kabul

toplam

kabul

N
N

N

N

N

N










−=

toplamkabul NN

11 −=

= 




 −
p

p

Ntoplam

11

HOGH�HGLOLU��GHQNOHPGHQ�GH�J|U�OHELOHFH÷L�JLEL��KDWD�
toplamN

1
LOH�LOLúNLOLGLU�

Reddetme yöntemi, bir veya daha fazla keskin tepesi olan fonksiyonlar için uygun bir

\|QWHP�GH÷LOGLU��ùHNLO�3.3
WHQ�J|U�OHELOHFH÷L�JLEL��EHOLUOHQHQ� DODQGD�GDKD�E�\�N�ELU

\HU�NDSODPDVÕQD�UD÷PHQ�IRQNVL\RQXPX]XQ�DOWÕQGD��GHQHQHQ�VDGHFH��ELU�QRNWD�NDOPÕú

YH� NDEXO� HGLOPLúWLU�� %|\OH� ELU� GXUXPGD�� WRSODP� GHQHPH� VD\ÕVÕ� LOH� NDEXO� J|UHQ

QRNWDODUÕQ�RUDQÕ��WRSODP�DODQ�LOH�IRQNVL\RQ�DODQÕQD�RUDQÕQGDQ�ROGXNoD�X]DN�ELU�GH÷HU

oÕNPDVÕ�HQJHOOHQHPH]�
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ùHNLO 3.3 Reddetme yöntemi için verimli olmayan keskin tepeli fonksiyonlar

5HGGHWPH�\|QWHPLQGH�NXOODQÕODQ�|UQHNOHULQ�ELUELUL� LOH�NRUHODV\RQX� �LOLQWLVL�� \RNWXU�

<|QWHPLQ� GH]DYDQWDMÕ� LVH�� E|OJH� VÕQÕUODUÕQÕQ� \DQOÕú� EHOLUOHQPHVL� GXUXPXQGD� RUWD\D

oÕNDU��(÷HU�GHQHPH�E|OJHVL��JHUoHN�IRQNVL\RQX�ROGXNoD�L\L�ELU�úHNLOGH�LoLQH�DOÕ\RUVD

YH� \DNÕQGDQ� WDNLS� HGHELOL\RUVD� YHULPOLGLU�� $NVL� WDNGLUGH�� UHGGHGLOHQ� QRNWDODUOD

oldukça vakit kaybedilebilir.

3.2.2 Ortalama (averaging) yöntemi

%X�\|QWHP��IRQNVL\RQXQ�LQWHJUDO�GH÷HULQLQ�EXOXQPDVÕQGD�GR÷UXGDQ�IRQNVL\RQXQ�f(x)

GH÷HULQLQ� NXOODQÕOPDVÕQGDQ� GROD\Õ�� SUREOHPH� GDKD� GR÷UX� ELU� \DNODúÕP� VD÷ODU�

2UWDODPD� \|QWHPL� GH� UDVJHOH� VHoLOHQ� QRNWDODU� �]HULQGH� LúOHPOHU� \DSDU�� 5HGGHWPH

\|QWHPLQGHQ� IDUNOÕ� RODUDN�� DODQ� WDUDPDN� \HULQH�� VHoLOHQ� QRNWDODUGDNL� IRQNVL\RQXQ

GH÷HUOHUL��DUDQÕODQ�LQWHJUDOLQ�EXOXQPDVÕQGD�NXOODQÕOÕU��<LQH

∫=
b

a

dxxfI )( (3.27)

GHQNOHPLQL�HOH�DODOÕP��V bölgenin hacmi olmak üzere ve

)(xg 1 x�GH÷LúNHQL�E|OJHQLQ�LoLQGH� (3.28)

0 GL÷HU



43

EX�GHQNOHPL�YHULPOL�ELU�\DNODúÕP�LOH�úX�úHNLOGH�\D]DELOLUL]�

∫ ∫==
b

a

b

a

Vdxxgxf
V

dxxgxfI )()(
1

)()( (3.29)

olarak belirlersek, 3.29 denklemi, x� UDVJHOH� GH÷LúNHQLQLQ� E|OJH� LoHULVLQGH� XQLIRUP

GD÷ÕOGÕ÷Õ� GXUXP� LoLQ�� h(x)=g(x)f(x)V IRQNVL\RQXQXQ� EHNOHQHQ� GH÷HUL� RODUDN

yorumlanabilir.

%X�\DNODúÕP�DOWÕQGD�

∑∑ =≈
n

i
i

n

i
i xf

n

V
xh

n
I )()(

1
(3.30)

\D]ÕODELOLU>�����@�

ùHNLO 3.4 Ortalama Yöntemi

%X�\|QWHPLQ�ELOJLVD\DU�DOJRULWPDVÕ�LVH�ú|\OHGLU�

• (xmin,xmax)�DUDOÕ÷ÕQGD�UDVJHOH��UHWLOHQ�xi�GH÷HUL�VHoLOLU�

• I i= f(xi) (xmax - xmin)�RODUDN�GR÷UXGDQ�KHVDSODQÕU�

• Elde edilen bu Ii�GH÷HUOHULQLQ�RUWDODPDVÕ�EXOXQDUDN��LQWHJUDO�GH÷HULQH�HULúLOLU�
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<LQH� EX� DOJRULWPDGD� NXOODQÕODQ� IRUP�O�� LQWHJUDO� KHVDSODPDVÕQGD� NXOODQÕODQ� ������

GHQNOHPLQGH�� RODVÕOÕN� \R÷XQOXN� IRQNVL\RQX� RODUDN�� p(xi)� GH÷HUL� \HULQH�

 ) x- (x

1
)(

minmax

=xp �NRQXOPDVÕ�VRQXFX�HOGH�HGLOPLú�ELU�IRUP�OG�U�

)RQNVL\RQD�GD\DOÕ�|UQHNOHPH��oRN�KÕ]OÕ�YH�oRN�EDVLW�NXOODQÕPÕ�ROGX÷XQGDQ�ROGXNoD

DYDQWDMOÕ� ELU� \|QWHPGLU� YH� NXOODQÕODQ� |UQHNOHULQ� ELUELUL� LOH� NRUHODV\RQX� \RNWXU�

<|QWHPLQ� X\JXODQDELOLUOL÷L�� IRQNVL\RQXQ� DQDOLWLN� ELU� LIDGHVL� ROPDVÕ� JHUHNWL÷LQGHQ

NÕVÕWOÕGÕU�

3.2.3 .RQWURO�GH÷LúNHQL��FRQWURO�YDULDWHV��\|QWHPL

%X� \|QWHPGH�� LQWHJUDOL� DOÕQPDN� LVWHQHQ� f(x) IRQNVL\RQXQD� ROGXNoD� \DNÕQ�� ELU� h(x)

\DUGÕPFÕ� IRQNVL\RQX� NXOODQÕOÕU�� %X� \DUGÕPFÕ� IRQVL\RQXQ� LQWHJUDO� GH÷HUL�

fonksiyonumuzdan daha kolay hesaplanabilir veya çözümü bilinen bir fonksiyon

ROPDOÕGÕU�

ùHNLO 3.5.RQWURO 'H÷LúNHQL <|QWHPL

%|\OHOLNOH�VHoLOHQ�KHU�UDVJHOH�QRNWDGD�� LNL�IRQNVL\RQXQ�IDUNÕQGDQ�� LQWHJUDO�GH÷HUOHUL

DUDVÕQGDNL� IDUN�NHVWLULOPH\H�oDOÕúÕODUDN��HOGH�HGLOHQ�GH÷HU��ELOLQHQ�h(x) fonksiyonun

LQWHJUDO� GH÷HULQH� HNOHQHUHN�� DUDQÕODQ� f(x) IRQNVL\RQXQ� LQWHJUDO� GH÷HULQH� XODúÕOPD\D

oDOÕúÕOÕU��h(x) IRQNVL\RQXQ�LQWHJUDO�GH÷HUL�
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∫=
max

min

)(
x

x

h dxxhI (3.31)

0RQWH� &DUOR� \DNODúÕPÕQGD� HN� ELU� GR÷UXOXN� IDNW|U�� RODUDN� LúOHPLPL]H� HWNLU� YH

DOJRULWPDPÕ]�úX�úHNLOGHGLU�

• (xmin,xmax)�DUDOÕ÷ÕQGD�UDVJHOH��UHWLOHQ�xi�GH÷HUL�VHoLOLU�

• I i= (f(xi) - h(xi)) (xmax - xmin) + Ih��RODUDN�GR÷UXGDQ�KHVDSODQÕU�

Burada, sadece varyans (f(xi) - h(xi)) IDUNÕQGDQ� ND\QDNODQPDNWDGÕU� YH� I h integral

GH÷HULQLQ� EXQD� KHUKDQJL� ELU� � NDWNÕVÕ� \RNWXU�� %X� QHGHQOH�� h(x) belirlenmesinde ne

NDGDU�L\L�ELU�WDKPLQ�\DSDUVDN��R�NDGDU�N�o�N�ELU�YDU\DQV�ROXúXU��EX�GD�GDKD�D]�KDWD

LOH�VRQXFD�XODúPDN�GHPHNWLU��h(x) = f(x)�GXUXPXQGD�HQ� L\L� \DNODúÕP� IRQNVL\RQXQX

NXOODQPÕú�ROXUX]�YH�EXQXQ�VRQXFXQGD��LQWHJUDO�VRQXFXQD�WDP�RODUDN�XODúDUDN��KDWD\Õ

GD�RUWDGDQ�NDOGÕUPÕú�ROXUX]�

h(x) = f(x) + sabit�GXUXPXQGD�GD��ROXúDFDN�YDU\DQV�VÕIÕUGÕU�YH�\DSÕODFDN�KHU�WDKPLQ

GR÷UXGXU�

Yine (3.21) formülüne benzetmek istersek, 
 ) x- (x

1
)(

minmax

=xp  olmak üzere,

iI
=

)(

))(()()(

i

iii

xp

xhExhxf +− (3.32)

=
)(

)(

)()(
max

min

max

min

i

x

x

x

x

ii

xp

dx

dxxh

xhxf

∫

∫
+−

=
)(

)(
)()(

minmax

i

h
ii

xp

xx

I
xhxf

−
+−
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= h
i

ii I
xp

xhxf
+

−
)(

)()(

DOJRULWPDPÕ]GD�NXOODQGÕ÷ÕPÕ]�IRUP�O��HOGH�HGHELOLUL]>��@�

3.2.4 Önem örneklemesi (importance sampling) yöntemi

%X�\|QWHP��NRQWURO�GH÷LúNHQL�\|QWHPLQH�ROGXNoD�EHQ]HU�ELU�\|QWHPGLU��)DNDW�EXUDGD

DUDQÕODQ� f(x)� IRQNVL\RQXQXQ� KDNNÕQGD� NXOODQÕODQ� \DUGÕPFÕ� IRQNVL\RQXQ� HWNLVL�

WRSODPVDO�GH÷LO��oDUSÕPVDOGÕU�

gQHP�|UQHNOHPHGH�DPDo��IRQNVL\RQXQ�NDUDNWHULVWL÷LQL�EHOLUOH\HELOHFHN�YH�IRQNVL\RQ

KDNNÕQGD�HQ�oRN�ELOJL�DOÕQDELOHFHN�E|OJHOHUGHQ�|UQHN�DODUDN��ELOJL\H�KÕ]OÕ�HULúPHNWLU

%|\OHOLNOH� JHUHNVL]� QRNWD� VHoLPOHULQGHQ� NDoÕQÕODUDN�� YDNLW� ND\EÕ� D]DOWÕOÕU� YH� LúOHP

]DPDQÕQÕQ�D]DOWÕOPDVÕ�VD÷ODQÕU�

%X� \|QWHPGH�� NRQWURO� GH÷LúNHQL� \|QWHPLQGH� LQWHJUDOL� DOÕQPDN� LVWHQHQ� IRQNVL\RQD

EHQ]HU� IRQNVL\RQ� RODUDN� NXOODQÕODQ�� h(x)� \DNODúÕP� IRQNVL\RQX� |UQHNOHPHGH

NXOODQÕODFDN�RODVÕOÕN�\R÷XQOXN�YH�GD÷ÕOÕP�IRQNVL\RQXQXQ�HOGH�HGLOPHVLQGH�NXOODQÕOÕU�

Bu nedenle, f(x)� IRQNVL\RQXPX]D� QH� NDGDU� \DNÕQ� ELU h(x)� \DNODúÕP� IRQNVL\RQX

NXOODQÕUVDN��R�NDGDU�L\L�VRQXoODU�HOGH�HGHUL]�

h(x)� \DNODúÕP� IRQNVL\RQXQGDQ� HOGH� HGLOHQ� RODVÕOÕN� GD÷ÕOÕP� IRQNVL\RQXQXQ� WHUVL

DOÕQDUDN�� UDVJHOH� VD\ÕODU� �UHWLOGL÷LQGHQ� EX� \|QWHP� ters (inverse) teknik olarak da

DGODQGÕUÕOÕU�

gQFHOLNOH� EX� \|QWHPL� X\JXODPDN� LoLQ�� LQWHJUDOL� DOÕQDELOHQ�� \D� GDKD� |QFHGHQ

EHOLUOHQPLú� X\JXQ� ELU� RODVÕOÕN� \R÷XQOXN� IRQNVL\RQX� \D� GD� IRQNVL\RQXPX]D� \DNÕQ

RODQ�ELU�IRQNVL\RQ�HOH�DOÕQDUDN�LúOHP�\DSÕOÕU�

%LU� \DNODúÕP� IRQNVL\RQXQX� NXOODQDFDN� ROXUVDN�� h(x)� \DNODúÕP� IRQNVL\RQXQXQ�� f(x)

IRQNVL\RQXPX]XQ�LQWHJUDOL�DOÕQDFD÷Õ�E|OJHGH�LQWHJUDOLQLQ�DOÕQPDVÕ�JHUHNPHNWHGLU�

∫=
max

min

)(
x

x

h dxxhI (3.33)
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%|\OHOLNOH� \DNODúÕP� IRQNVL\RQXPX]X�� HOGH� HWWL÷LPL]� LQWHJUDO� GH÷HULQH� E|O�S

QRUPDOL]H�HGHUHN��LQWHJUDOL�DOÕQDFDN�f(x)�IRQNVL\RQXPX]D�X\JXQ�ELU�RODVÕOÕN�\R÷XQOXN

bir fonksiyonu elde ederiz.

h
x

x

I

xh

dxxh

xh
xp

)(

)(

)(
)(

max

min

==

∫
(3.34)

$UWÕN� ELU� RODVÕOÕN� \R÷XQOXN� IRQNVL\RQX� HOLPL]GH� ROGX÷XQD� J|UH�� IRQNVL\RQXPX]D

yöntemimizi uygulayabilir. (3.21) denklemimiz bu durumda,

h

i

i

i

i
i I

xh

xf

xp

xf
I 








==

)(

)(

)(

)(
(3.35)

KDOLQH�G|Q�úHFHNWLU��(Q�LGHDO�o|]�P��h(x)=f(x)�ROGX÷X�GXUXPGD�JHUoHNOHúHFHNWLU�YH

��YDU\DQVOÕ� \DQL�KDWDVÕ]�ELU� VRQXo�RUWD\D�oÕNDFDNWÕU��$\QÕ� ]DPDQGD�� QRUPDOL]H�p(x)

GH÷HUL�D\QÕ�oÕNDFD÷ÕQGDQ���h(x)=f(x)*sabit GXUXPXQGD�GD�KDWDVÕ]�o|]�P�JHoHUOLGLU�

ùLPGL� EX� VRQXFD� QDVÕO� XODúWÕ÷ÕPÕ]Õ� LQFHOH\HOLP�� |UQH÷LQ�� ELU� f(x) fonksiyonunun,

x=(x1,x2,...,xd) olmak üzere, çok boyutlu bir R bölgesinde integralini almak isteyelim.

Bu f(x) fonksiyonunu, R�KDFPLQGH��WDQÕPOÕ�VHoWL÷LPL]�ELU�RODVÕOÕN�IRQNVL\RQX�p(x) ile

LúOHPH�VRNDUDN�

∫∫∫ =





=

RRR

dxxpxgdxxp
xp

xf
dxxf )()()(

)(

)(
)( (3.36)

úHNOLQGH� WHNUDU� \D]DELOLUL]��%|\OHOLNOH�� f(x)� IRQNVL\RQXQGDQ� � G�]J�Q� \R÷XQOXNOX�dx

RSHUDW|U��LOH�|UQHNOHU�DOPDN�\HULQH��G|Q�úW�U�OG�÷��g(x) fonksiyonu sayesinde daha

X\JXQ�ELU�RODVÕOÕN�\R÷XQOXN�IRQNVL\RQXQD�VDKLS�p(x)dx�LOH�|UQHNOHU�DOÕQÕU�

%X�RODVÕOÕN�\R÷XQOXN�IRQNVL\RQXQX�R�E|OJHVLQGH�WDQÕPODGÕ÷ÕPÕ]GDQ�GROD\Õ�

∫ =
R

dxxp 1)( (3.37)
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GLU�� %|\OHOLNOH�� EX� RODVÕOÕN� \R÷XQOXN� IRQNVL\RQXQD� VDKLS�� R bölgesindeki xi

|UQHNOHULQL�LVWHGL÷LPL]�RODVÕOÕN�\R÷XQOXN�IRQNVL\RQXQD�X\JXQ�RODUDN�VHoHELOLUL]�

%X�G|Q�ú�P�VD\HVLQGH�LQWHJUDO�GHQNOHPLPL]�

N

xp

xf

xp

xf

xp

xf
dxxp

xp

xf
dxxfI

R R

2

2

2

)(

)(

)(

)(

)(

)(
)(

)(

)(
)(







−






±≈=≡ ∫ ∫ (3.38)

KDOLQH� G|Q�ú�U�� 'HQNOHPGH�
)(

)(

xp

xf
 olarak gözüken terim N� |UQH÷LQ� DULWPHWLN

RUWDODPDVÕQÕ�J|VWHUPHNWHGLU�� ±  olarak gözüken terim ise, hata kestiriminin standart

VDSPDVÕGÕU>��@�

%X� \|QWHPGH� EHOLUOHPHVL� JHUHNHQ� LVH�� RODVÕOÕN� \R÷XQOXN� IRQVL\RQXQXQ� QDVÕO

VHoLOHFH÷LGLU��%XUDGD�p(x)�IRQNVL\RQX��KDWD\Õ�PLQLPXP�\DSDFDN�úHNLOGH�VHoLOPHOLGLU�

%X� DQFDN�� NDUHN|N� LoLQGHNL� LIDGH\H� HQ� N�o�N� GH÷HUL� DOGÕUDFDN� RODQ��
)(

)(
)(

xp

xf
xg =

LIDGHVLQL�ELU�VDELWH�HúLW�KDOH�JHWLUHUHN�P�PN�QG�U�

)(

)(

xp

xf
� WHULPL�0RQWH�&DUOR� LQWHJUDOLQLQ� NHVWLULPL� ROGX÷XQGDQ�� KDWD� WHULPLQL� WHNUDU

HOH�DODOÕP�

∫ ∫∫∫ 







−=








−≈−=

R RRR

dxxfdx
xp

xf
dxxp

xp

xf
dxxp

xp

xf

xp

xf

xp

xf
S

2
2

2

2

22

2

2

)(
)(

)(
)(

)(

)(
)(

)(

)(

)(

)(

)(

)(
(3.39)

+DWD\Õ� PLQLPXP� \DSPDN� LoLQ�� /DJUDQJH� oDUSDQÕQÕ� GHQNOHPLPL]H� HNOH\LS�

HúLWOL÷LPL]L�S
\H�J|UH�W�UHWHUHN�o|]�PH�JLWPH\H�oDOÕúDOÕP�













+








−

∂
∂= ∫∫∫

RRR

dxxpdxxfdx
xp

xf

p
)()(

)(

)(
0

2
2

λ (3.40)
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Ortadaki terim p(x)
\H�ED÷OÕ�ROPDGÕ÷ÕQGDQ��p(x)�VHoLPLQGH�RQX�J|]DUGÕ�HGHELOLUL]��%X

durumda, λ+−=
2

2

)(

)(
0

xp

xf
� RODFD÷ÕQGDQ�� IRQNVL\RQXPX]XQ� LQWHJUDOLQL� DOPDN� LoLQ

NXOODQDFD÷ÕPÕ]�RODVÕOÕN�\R÷XQOXN�IRQNVL\RQXQXQ�HQ�LGHDO�KDOL�

I

xf

dxxf

xfxf
xp

)(

)(

)()(
)( ===

∫λ
(3.41)

RODFDNWÕU>��@��0RQWH�&DUOR�|UQHNOHULQLQ�VHoLPLQGH�NXOODQDFD÷ÕPÕ]��RODVÕOÕN�\R÷XQOXN

fonksiyonumuz p(x)� E|\OH� VHoLOGL÷L� WDNGLUGH�� � IRUP�O�P�]GHNL�
)(

)(

xp

xf
� RUDQÕPÕ]ÕQ

YDU\DQVÕ� 0
D� D]DODFDNWÕU�� %X� VDGHFH� DQDOLWLN� RODUDN� ELOGL÷LPL]� IRQNVL\RQODUGD� WDP

olarak belirlenebilir, bu durumda da fonksiyonumuzun analitik olarak çözümünü

\DSDELOLUL]�� )RQNVL\RQXPX]XQ� WDP� GH÷HULQL� ELOPHGL÷LPL]� GXUXPODUGD� LVH�

IRQNVL\RQXPX]D� EHQ]HU�� EX� \DNODúÕN�p(x)� LIDGHVLQL� NXOODQDUDN�� LQWHJUDO� GH÷HULPL]H

\DNÕQ�VRQXoODU�HOGH�HGHELOLUL]�

Bu durumda ise, integral çözümüne,

∑
=

=
N

i i

i

xp

xf

N
I

1 )(

)(1
(3.42)

IRUP�O�\OH� \DNODúPD\D� oDOÕúÕUÕ]�� p(x) fonksiyonu f(x)� IRQNVL\RQXQXQ� GH÷HULQH� QH

NDGDU�\DNÕQVD��EX�IRUP�O�\DUGÕPÕ\OD�HOGH�HWWL÷LPL]�GH÷HU��R�NDGDU�DUDGÕ÷ÕPÕ]�LQWHJUDO

GH÷HULQH�HúLWWLU�

%X� \|QWHPGH� ROXúDQ� KDWD� LVH� ������ GHQNOHPLQGHQ� ELUD]� IDUNOÕOÕN� J|VWHULU�� )(xσ 'in

LIDGHVLQH��RODVÕOÕN�\R÷XQOXN�IRQNVL\RQX�GD�JLUGL÷LQGHQ�GROD\Õ�

∫ −=
R

Idx
xp

xf
x 2

2
2

)(

)(
)(σ (3.43)

úHNOLQL�DODFDNWÕU�
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∫∫ 〈
RR

dxxfdx
xp

xf 2
2

)(
)(

)(
(3.44)

ROGX÷XQGDQ�GROD\Õ�PH\GDQD�JHOHFHN�KDWD��GDKD�N�o�NW�U�

f(x)� IRQNVL\RQX�ELOLQHPHVH�ELOH��RQXQ�KDNNÕQGDNL�KHU�HN�ELOJL�p(x) fonksiyonumuzu

EHOLUOHQPHVLQGH� YH� E|\OHOLNOH� ROXúDFDN� KDWDQÕQ� D]DOWÕOPDVÕQD� ID\GDOÕ� RODFDNWÕU�

8QXWXOPDPDVÕ�JHUHNHQ�ELU�QRNWD�GD��RODVÕOÕN�\R÷XQOXN�IRQNVL\RQX�QH�NDGDU�NDUPDúÕN

ROXUVD��KHVDSODPD�PDOL\HWLQLQ�GH�R�NDGDU�\�NVHOHFH÷LGLU�

)RQNVL\RQXPX]XQ�QHJDWLI�GH÷HUOHU�DOGÕ÷Õ�GXUXPODUGD��VHoHFH÷LPL]�RODVÕOÕN�\R÷XQOXN

IRQNVL\RQXPX]�QHJDWLI� GH÷HUOHU� DODPD\DFD÷ÕQGDQ�GROD\Õ�� IRQNVL\RQXPX]D� ELU� VDELW

HNOH\HUHN�� WDPDPHQ� SR]LWLI� KDOH� G|Q�úW�UHELOLUL]�� � %X� GXUXPGD� LVH�� HOGH� HWWL÷LPL]

LQWHJUDO� GH÷HULPL]GHQ�� �VDELW� 
� E|OJH� E�\�NO�÷�P�]�� NDGDU� ELU� GH÷HUL� oÕNDUWPDPÕ]

gerekecektir.
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4. 0217(�&$5/2�<g17(0ø1ø1�8<*8/$0$/$5,

$QDOLWLN� LQWHJUDO� DOPD� \|QWHPOHULQGH�� HOGH�HGLOPHN� LVWHQHQ� LQWHJUDOLQ�GH÷HUL�� EHOLUOL

DGÕPODUGD� IRQNVL\RQ� GH÷HUOHULQLQ� KHVDSODQPDVÕ� LOH� \DSÕOPDNWDGÕU�� %X� IRQNVL\RQ

GH÷HUOHUL��VDQNL�IRQNVL\RQ�GLNG|UWJHQ�DODQODUD�SDUoDODQPÕú�JLEL��DGÕP�E�\�NO�÷��LOH

oDUSÕOÕU� YH� HOGH� HGLOHQ� SDUoD� GLNG|UWJHQ� DODQODUÕQ� WRSODPÕ� LOH� LQWHJUDO� GH÷HULQH

\DNÕQDQÕU�� *HUoHN� LQWHJUDO� GH÷HULQH� QH� NDGDU� L\L� \DNODúÕOPDN� LVWHQL\RUVD�� DGÕP

VÕNOÕ÷ÕQÕ� GD� R� NDGDU� DUWWÕUPDN� JHUHNPHNWHGLU�� %X� GD� IRQNVL\RQXQ� VDELW� GH÷LúLP

J|VWHUGL÷L� E|OJHOHUGH� NODVLN� \|QWHPOHUL� ROGXNoD� YHULPVL]� ELU� KDOH� JHWLUPHNWHGLU�

$GÕP� VÕNOÕ÷ÕQÕ� D]DOWPDN� GD� IRQNVL\RQXQ� KÕ]OÕ� GH÷LúLNOLNOHULQL� ND\EHGLOPHVLQH� \RO

DoPDNWDGÕU�� %X� GD� \�NVHN� GHUHFHOL� YH\D� NDUPDúÕN� \DSÕOÕ� IRQNVL\RQODUGD� DQDOLWLN

yöntemi oldukça verimsiz bir hale getirmektedir.

%XQD�NDUúÕOÕN�0RQWH�&DUOR�\|QWHPLQGH�� IRQNVL\RQXQ� \DYDú�GH÷LúLPOHULQGH�D]��KÕ]OÕ

GH÷LúLPOHULQGH� LVH� oRN�|UQHN�DOÕQPDVÕQÕ� VD÷OD\DFDN�RODVÕOÕN�\R÷XQOXN� IRQNVL\RQODUÕ

NXOODQÕODELOPHNWHGLU�� gUQHNOHULQ� VHoLPL� IRQNVL\RQXQ� ER\XWXQGDQ� ED÷ÕPVÕ]

ROGX÷XQGDQ�� IRQNVL\RQXQ�NDUPDúÕNOÕ÷Õ�o|]�PH�KHUKDQJL�ELU� HWNLGH�EXOXQPD]��+DWWD

\|QWHP�� IRQNVL\RQ� NDUPDúÕNODúWÕNoD� DQDOLWLN� \|QWHPOHUGHQ� GDKD� L\L� YH� KÕ]OÕ� ELU

\DNÕQVDPD� VD÷ODU�� 7DELL� EXQODUÕQ� \DQÕQGD�0RQWH� &DUOR� \|QWHPLQL� X\JXOD\DELOPHN

LoLQ� ED]Õ� QRNWDODUD� GLNNDW� HGLOPHOLGLU�� <DUGÕPFÕ� IRQNVL\RQODUÕQ� YH\D� RODVÕOÕN

\R÷XQOXN� IRQNVL\RQODUÕQÕQ� L\L� EHOLUOHQPHGL÷L� GXUXPODUGD� \|QWHP� DYDQWDMODUÕQÕ

tamamiyle kaybedecektir.

4.1 0RQWH�&DUOR�<|QWHPLQH�øOLúNLQ�gUQHNOHU

0RQWH�&DUOR�\|QWHPLQLQ�DYDQWDMODUÕQÕ�YH�GH�GH]DYDQWDMODUÕQÕ� DQODPDN� LoLQ�� \|QWHPL

oHúLWOL�|UQHNOHU�YH�|UQHNOHPH�WHNQLNOHUL�DoÕVÕQGDQ�LQFHOH\HOLP�

%X� |UQHNOHUGH�0RQWH� &DUOR� \|QWHPL� NXODQÕODUDN� EXOXQPD\D� oDOÕúÕODQ�π
QLQ� GH÷HUL�

DODQÕ�π�����RODQ�ELULP�oH\UHN�GDLUH�DODQÕQGDQ�WHUV�LúOHP�\DSÕODUDN�HOGH�HGLOPLúWLU�
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ùHNLO 4.1 π GH÷HULQLQ EXOXQPDVÕQGD NXOODQÕODFDN oH\UHN GDLUH

%LOLQGL÷L�JLEL�NRRUGLQDW�G�]OHPLQGH�ELU�GDLUHQLQ�GHQNOHPL��U�\DUÕoDS olmak üzere,

x2 + y2 = r2 (4.1)

ùHNOLQGHGLU��%LULP�GDLUHQLQ�\DUÕ�oDSÕ�1�ROGX÷XQGDQ�

x2 + y2 = 1  (4.2)

Yazabiliriz. Bu denklemde,  y'yi x cinsinden elde etmek istersek,

21 xy −= (4.3)

ùHNOLQGH�\D]DELOLUL]��%|\OHFH��YHUGL÷LPL]�KHU�x
H�NDUúÕOÕN�G�úHQ�y�GH÷HULQL�NROD\OÕNOD

EXODELOLUL]��gUQHNOHULPL]GH�EX�ED÷ÕQWÕ�NXOODQÕODUDN��x ve y�oLIWOHUL�LúOHPH�VRNXOPXúWXU�

%LU�GDLUHQLQ�GH�DODQÕ�ELOLQGL÷L�JLEL�

Alan = π r2 (4.4)


GLU��%LULP�GDLUH�LOH�LOJLOHQGL÷LPL]GHQ�DODQÕPÕ]ÕQ�GH÷HUL��π'dir. Monte Carlo yöntemi

NXOODQÕODUDN�DODQÕ�EXOXQDFDN�RODQ�E|OJHQLQ� DODQÕ�π���RODQ� oH\UHN�GDLUH�ROGX÷XQGDQ�

EX�oH\UHN�GDLUHQLQ�DODQÕQÕ�EXODUDN��π�GH÷HULQH�GH�XODúPÕú�ROXUX]�
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%X�GH÷HUH�DQDOLWLN�\ROODUOD�XODúPDPÕ]�LVH��SHN�P�PN�Q�GH÷LOGLU��'HQNOHP������� 
�Q

������DUDOÕ÷ÕQGD�LQWHJUDOLQL�DOPDN�LVWHGL÷LPL]GH��DQDOLWLN�RODUDN�\DOQÕ]FD�

42

)sin(
1

2

1
1

1

0

22 π=+−=−= ∫
xArc

xxdxxy (4.5)

'H÷HULQL�HOGH�HGHELOLUL]��%X�GD�EL]LP�π�VD\ÕVÕQD�GR÷UXGDQ�XODúPDPÕ]Õ�VD÷OD\DPD]�

4.1.1 5HGGHWPH�\|QWHPLQLQ�X\JXODQÕúÕ�YH�VRQXoODUÕ

5HGGHWPH� \|QWHPLQGH� DPDo�� Q�PHULN� ELU� GH÷HU� EXOPDNWDQ� oRN�� LQWHJUH� HGLOPHN

LVWHQHQ� H÷UL� � DODQÕQÕQ� �UDVJHOH� �UHWLOHQ� VD\ÕODUGDQ� HOGH� HGLOHQ�� QRNWDODUOD� WDUDQDUDN�

LQWHJUDOL�DOÕQPDN�LVWHQHQ�E|OJHGHNL�QRNWDODUOD��WRSODP�QRNWD�VD\ÕVÕ�DUDVÕQGD�ELU�RUDQ

EXOPDNWÕU>(./(5@�

ùHNLO 4.2 π GH÷HULQLQ UHGGHWPH \|QWHPL LOH EXOXQPDVÕ

hUHWLOHQ� EX� UDVJHOH� VD\ÕODUÕQ�� NDoÕQÕQ� H÷ULQLQ� DOWÕQGD�� NDoÕQÕQ� H÷ULQLQ� �VW�QGH

NDOGÕ÷ÕQÕQ� RUDQÕ�� EX� LQWHJUDOLQ� GH÷HULQL� YHUHFHNWLU�� (÷ULQLQ� DOWÕQGD� NDODQ� QRNWDODU

LQWHJUDO�GH÷HULQH�HNOHQHFHN��\DQL�NDEXO�HGLOHFHN��H÷ULQLQ��VW�QGH�NDODQ�QRNWDODU�LVH�

EXOXQPDN� LVWHQHQ� H÷ULQLQ� � LQWHJUDOLQH� KHUKDQJL� ELU� HWNLGH� EXOXQPD\DUDN

UHGGHGLOHFHNWLU�� � %|\OHOLNOH� WRSODP� QRNWD� VD\ÕVÕ� LOH� H÷UL� DOWÕQGD� NDODQ� QRNWD� VD\ÕVÕ
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DUDVÕQGDNL� RUDQ�� WDUDQDQ� WRSODP� DODQ� LOH� LQWHJUDOL� EXOXQPDN� LVWHQHQ� DODQÕQ� RUDQÕQD

HúLW�RODFDNWÕU�

7DUDQÕODFDN�DODQÕQ�EHOLUOHQHELOPHVL�LoLQ��IRQNVL\RQXQ�LOJLOHQLOHQ�E|OJHGHNL�HQ�\�NVHN

GH÷HULQLQ�ELOLQPHVL�JHUHNOLGLU��5HGGHGLOHQ�QRNWDODUÕQ�EL]LP�LoLQ�KHUKDQJL�ELU�|QHPL

YH�GH�GH÷HUL� \RNWXU�� VDGHFH�PH\GDQD� JHWLUGLNOHUL� ]DPDQ�ND\EÕ� LOH� LúOHP� ]DPDQÕQÕQ

X]DPDVÕQD� QHGHQ� ROXUODU�� %X� QHGHQOH� UHGGHGLOHQ� QRNWD� VD\ÕVÕQÕQ� PLQXPXPD

LQGLULOPHVL� DPDoODQÕU� YH� QRNWD� DWÕúÕQÕQ� \DSÕODFD÷Õ� E|OJHQLQ� HQ� L\L� ELU� úHNLOGH

EHOLUOHQPHVLQH� oDOÕúÕOÕU�� (÷HU� JHUHNWL÷LQGHQ� JHQLú� ELU� DODQ� WDUDQÕUVD�� UHGGHGLOHFHN

QRNWD� VD\ÕVÕ� oRN� ID]OD� DUWDUDN�� E�\�N� ELU� YDNLW� ND\EÕQD� QHGHQ� ROXQXU�� $ODQ

JHUH÷LQGHQ�N�o�N�WXWXOGX÷X�WDNGLUGH�LVH��LQWHJUDOL�EXOXQDFDN�RODQ�E|OJHQLQ�ELU�NÕVPÕ

GÕúDUÕGD�NDODFD÷ÕQGDQ�GROD\Õ�\DQOÕú�ELU�VRQXo�HOGH�HGLOLU�

%X� \|QWHPLQ� GH]DYDQWDML�� EHOLUOHQHQ� E|OJHQLQ� WDPDPÕQÕQ� WDUDQPDVÕ� JHUHNPHVL� YH

UHGGHGLOHQ� QRNWDODUÕQ� LQWHJUDOH� KHUKDQJL� ELU� NDWNÕVÕ� ROPDPDVÕQGDQ� GROD\Õ� VDGHFH

YDNLW�ND\EÕQD�QHGHQ�ROPDODUÕGÕU�

<DSÕODQ�SURJUDPGD�π�GH÷HUL�DúD÷ÕGDNL�GH÷HUOHUGH�HOGH�HGLOPLúWLU��<DSÕODQ�GHQHPHOHU

EHOLUOL�ELU�LúOHP�JUXEXQXQ���NH]�YH�����NH]�WHNUDUÕQÕQ�RUWDODPDVÕ�úHNOLQGH�YHULOPLúWLU�

Tablo 4.1 Reddetme yöntemi ile elde edilen sonuçlar

1 Gruptaki
gUQHN 6D\ÕVÕ

1 Grup için   π π'den Sapma% 100 grup için  π π'den Sapma%

10 3.59999990 14.59155273 3.20000029 1.85916984

20 4.00000000 27.32395172 3.16599917 0.77688086

50 2.88000011 -8.32675171 3.16479945 0.73869252

100 3.35999990 6.95211554 3.14760041 0.19123012

500 3.30399990 5.16958046 3.13472056 -0.21874818

1 000 3.15599990 0.45859405 3.14639926 0.15299623

5 000 3.17280006 0.99335992 3.14001441 -0.05023983

10 000 3.14000010 -0.05069518 3.14178109 0.00599538

100 000 3.14463997 0.09699627 3.14184642 0.00807480

1 000 000 3.14141989 -0.00550209 3.14164448 0.00164683

10 000 000 3.14156008 -0.00103970 3.14161110 0.00058436

7DEORGDQ�GD�J|U�OHELOHFH÷L�JLEL��UHGGHWPH�\|QWHPLQGH�π�GH÷HULQGHQ�RODQ�VDSPDODU�

|UQHN�PLNWDUÕQÕQ�oRN�DUWWÕOPDVÕQD�UD÷PHQ�|QHPOL�ELU�L\LOHúPH�J|VWHUHPHPLúWLU��%X�GD

\|QWHPLQ��EX�|UQHN�LoLQ�YHULPVL]OL÷LQL�J|VWHUPHNWHGLU��%XUDGD�UDVJHOH�VD\Õ��UHWHFLQLQ

GH�|QHPL�oRN�E�\�NW�U��H÷HU�LGHDOH�\DNÕQ�ELU�VD\Õ��UHWHFL�NXOODQPD]VDN��|UQHNOHULPL]
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�UHWHFLQ� LGHDOVL]OL÷LQGHQ�GROD\Õ�� ELU� E|OJH\H� \R÷XQODúÕODUDN� DOÕQDFD÷ÕQGDQ� GROD\Õ�� R

E|OJHQLQ�NDUDNWHULQL�J|VWHUHFHN�YH�LVWHGL÷LPL]�GH÷HUH�WDP�RODUDN�\DNODúDPDPDPÕ]D

QHGHQ�RODFDNWÕU�

0RQWH� &DUOR� \|QWHPLQLQLQ� DYDQWDMODUÕ�� ER\XW� VD\ÕVÕ� DUWWÕNoD� YH� QRNWD� VHoLPLQGH�

DOÕQPDVÕ�LVWHQHQ�LQWHJUDOH�X\JXQ�ELU�RODVÕOÕN�\R÷XQOXN�IRQNVL\RQX�VHoLOGL÷LQGH�RUWD\D

oÕNDU�� %X� |UQHNWHNL� LQFHOHPHPL]�� �� ER\XWD� LOLúNLQ� YH� QRNWD� VHoLPL� HúLW� RODVÕOÕNOD

\DSÕOGÕ÷ÕQGDQ� GROD\Õ� � �XQLIRUP� GD÷ÕOÕPOÕ� ELU� RODVÕOÕN� \R÷XQOXN� IRQNVL\RQXQGDQ)

0RQWH�&DUOR�\|QWHPLQLQ�DYDQWDMODUÕ�HOGH�HGLOHPHPLúWLU�

ùHNLO 4.3 Reddetme yöntemi ile elde edilen sonuçlar

<XNDUÕGDNL�úHNLOGH�UHGGHWPH�\|QWHPLQLQ���������������YH������������|UQH÷LQ����
HU

NH]�DOÕQPDVÕQD�GDLU�VRQXoODU�J|]�NPHNWHGLU��%HNOHQGL÷L�JLEL������|UQHN�DOÕQGÕ÷ÕQGD�

π
GHQ� VDSPD�PLNWDUÕ� ROGXNoD� ID]ODGÕU�� %X� VDoÕOPDQÕQ� PLNWDUÕ� |UQHN� VD\ÕVÕ� DUWWÕNoD

D]DOPDNWDGÕU�
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4.1.2 2UWDODPD�\|QWHPLQLQ�X\JXODQÕúÕ�YH�VRQXoODUÕ

2UWDODPD� \|QWHPL� GH� UDVJHOH� VHoLOHQ� QRNWDODU� �]HULQGH� LúOHPOHU� \DSDU�� )DNDW�

UHGGHWPH� \|QWHPLQGHQ� IDUNOÕ� RODUDN�� DODQ� WDUDPDN� \HULQH�� VHoLOHQ� QRNWDODUGDNL

IRQNVL\RQXQ�GH÷HUOHUL��DUDQÕODQ�LQWHJUDOLQ�EXOXQPDVÕQGD�NXOODQÕOÕU>(./(5@�

2UWDODPD� \|QWHPLQGH� |QFHOLNOH�� YHULOHQ� ELU� RODVÕOÕN� \R÷XQOX÷X� LOH� IRQNVL\RQXQ

WDQÕPOÕ� ROGX÷X� x-NRRUGLQDWÕQGD� QRNWDODU� VHoLOLU�� YH� EX� UDVJHOH� VHoLOHQ� QRNWDODUGDNL

IRQNVL\RQXQ� GH÷HUL� KHVDSODQÕS�� EX� GH÷HUOHULQ� RUWDODPD� GH÷HUL� LOH� LQWHJUDO� GH÷HULQH

XODúÕOPD\D�oDOÕúÕOÕU�

0RQWH� &DUOR� RUWDODPD� \|QWHPLQGH� DPDo�� LOJLOHQLOHQ� DUDOÕNWD� IRQNVL\RQXQ� RUWDODPD

GH÷HULQL� EXOPDN� YH� EXOXQDQ� EX� RUWDODPD� GH÷HULQL� LQWHJUDOLQ� DOÕQGÕ÷Õ� DUDOÕ÷ÕQ

E�\�NO�÷��LOH�oDUSDUDN��LQWHJUDO�GH÷HULQH�XODúPDNWÕU�

%XUDGD� \DSWÕ÷ÕPÕ]� |UQH÷LPL]GH�� VHoLOHQ� RODVÕOÕN� \R÷XQOXN� IRQNVL\RQX�� YHULOHQ

DUDOÕNWD� G�]J�Q� GD÷ÕOÕPOÕ� ELU� RODVÕOÕN� \R÷XQOXN� IRQNVL\RQXGXU�� %X� \|QWHPLQ� LOHUL

X\JXODPDODUÕQGD�� EX� RODVÕOÕN� \R÷XQOXN� IRQNVL\RQX�� IRQNVL\RQXQ� KÕ]OÕ� GH÷LúLPOHULQL

L\L�WDNLS�HGLS��\DNDOD\DELOPHVL�DoÕVÕQGDQ�LQWHJUDOL�DOÕQPDN�LVWHQHQ�IRQNVL\RQD�X\JXQ

RODUDN� VHoLOPHNWHGLU�� %X� LVH�� JHUoHNWH� GH÷HUOHUL� ELOLQPH\HQ� IRQNVL\RQODUGD�� ELU

RODVÕOÕN�\R÷XQOXN�NHVWLULPL�\DSPD�JHUHNOLOL÷LQL�JHWLUPHNWHGLU�

ùHNLO 4.45DVJHOH [ QRNWDODUÕQD NDUúÕOÕN G�úHQ IRQNVL\RQ GH÷HUOHUL

Yine reddetme yönteminde π�GH÷HULQL�EXOPDNWD�NXOODQGÕ÷ÕPÕ]�oH\UHN�ELULP�GDLUH\L

HOH�DODOÕP��%XUDGD�UHGGHWPH�\|QWHPLQGHQ�IDUNOÕ�RODUDN��VDGHFH�x-ekseninden rasgele

seçim yaparak, bu x-QRNWDODUÕQGD�
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21 xy −= (4.6)

Fonksiyonumuzun y-GH÷HUOHULQL�\DQL�f(x) GH÷HUOHULQL�KHVDSOD\DOÕP�

Üretilen her x� GH÷HUL� LoLQ� KHVDSODQDQ� IRQNVL\RQXQ� RUWDODPDVÕQÕQ�� IRQNVL\RQXQ

LOJLOHQGL÷LPL]� DUDOÕNWDNL� RUWDODPDVÕ� ROGX÷XQX� YDUVD\ÕS�� EX� HOGH� HGLOHQ� fort� GH÷HULQL

DUDOÕN� E�\�NO�÷�P�]� (b-a) = 1-0� GH÷HUL� LOH� oDUSDUVDN�� LQWHJUDO� GH÷HULPL]H� XODúPÕú

oluruz.

ùHNLO 4.52UWDODPD GH÷HUL \|QWHPLQGH Iort GH÷HUL LOH LQWHJUDOLQ KHVDSODQPDVÕ

6HoLOHQ�KHU�QRNWD\D�LOLúNLQ�KHVDSODQDQ�f(x)�GH÷HUOHULQLQ�KHVDSODQPDVÕ�YH�EXOXQDQ�EX

GH÷HUOHULQ� RUWDODPDVÕQÕQ� DOÕQPDVÕ� VRQXFXQGDNL� GH÷HU� EL]H� IRQNVL\RQXQ� LQWHJUDOL

DOÕQDQ�E|OJHGHNL�RUWDODPDVÕQÕ�YHUHFHNWLU�

Tablo 4.2 Ortalama yöntemi ile elde edilen sonuçlar

1 Gruptaki
gUQHN 6D\ÕVÕ

1 Grup için   π π'den Sapma% 100 grup  için π π'den Sapma%

10 3.08693361 -1.73985410 3.18355846 1.33581042

20 3.41983771 8.85681248 3.13125420 -0.32908610

50 3.20412779 1.99055231 3.15607119 0.46086320

100 3.14914179 0.24029364 3.13762736 -0.12622190

500 3.13409901 -0.23853296 3.14176583 0.00550968

1 000 3.11435342 -0.86705452 3.14194894 0.01133811

5 000 3.12836456 -0.42106599 3.14182043 0.00724758

10 000 3.15522981 0.43408129 3.14157581 -0.00053882

100 000 3.13978648 -0.05749501 3.14159203 -0.00002276

1 000 000 3.14149690 -0.00305081 3.14159465 0.00006071

10 000 000 3.14158750 -0.00016696 3.14159703 0.00013660
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7DEORGDQ� GD� J|U�OHELOHFH÷L� JLEL�� |UQHN� VD\ÕVÕQÕ� DUWWÕUPDPÕ]D� UD÷PHQ� KDWD

VDSPDPÕ]GD�|QHPOL�ELU�G�ú�ú�PH\GDQD�JHOPHPLúWLU��%XQXQ�VHEHEL��|UQH÷LPL]LQ�WHN

ER\XWOX�ELU��LQWHJUDO�ROPDVÕQGDQ�ND\QDNODQPDNWDGÕU�

ùHNLO 4.6 Ortalama yöntemi ile elde edilen sonuçlar

<XNDUÕGDNL� úHNLOGHQ� GH� J|U�OHELOHFH÷L� JLEL�� RUWDODPD� \|QWHPLQGHNL� π
\H� \DNODúÕP�

UHGGHWPH� \|QWHPLQGHQ� ROGXNoD� L\LGLU�� $\QÕ� |UQHN� VD\ÕODUÕ� LoLQ�� RUWDODPD� \|QWHPL

GDKD�L\L�VRQXoODU�YHUPLúWLU�YH�VRQXoODUÕQ�VDoÕOÕPÕ�UHGGHWPH\H�J|UH�ROGXNoD�D]GÕU�

4.1.3 .RQWURO�GH÷LúNHQL�\|QWHPLQLQ�X\JXODQÕúÕ�YH�VRQXoODUÕ

.RQWURO�GH÷LúNHQL�\|QWHPLQGH��LQWHJUDOL�DOÕQPDN�LVWHQHQ�IRQNVL\RQD��LQWHJUDO�o|]�P�

ELOLQHQ� YH� GH� DUDGÕ÷ÕPÕ]� IRQNVL\RQD� ROGXNoD� EHQ]HU� YH� RQX� L\L� WDNLS� HGHQ� ELU

IRQNVL\RQOD� \DNODúÕOPD\D� oDOÕúÕOÕU�� %|\OHOLNOH� VHoLOHQ� KHU� QRNWDGD�� LNL� IRQNVL\RQXQ

IDUNÕQGDQ�LQWHJUDO�GH÷HUOHUL�DUDVÕQGDNL�IDUN�NHVWLULOPH\H�oDOÕúÕOÕU�YH�HOGH�HGLOHQ�GH÷HU�
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ELOLQHQ� IRQNVL\RQXQ� LQWHJUDO� GH÷HULQH� HNOHQHUHN� DUDQÕODQ� LQWHJUDO� GH÷HULQH

XODúÕOÕU>(./(5@�

ùHNLO 4.7 øQWHJUDOLQL EXOPDN LVWHGL÷LPL]
21 x− YH \DNODúÕP LoLQ NXOODQDFD÷ÕPÕ] ���[3)

IRQNVL\RQODUÕ

gUQH÷LPL]� LoLQ�� o|]�P�� ELOHQHQ�� y=1-x3 denklemini seçelim. Bu denklemin

LOJLOHQGL÷LPL]�(0,1)�DUDOÕ÷ÕQGD�LQWHJUDOL�DOÕQGÕ÷ÕQGD�HOGH�HGLOHQ�VRQXo�LVH�

( ) 75.0
4

3

4

0
0

4

1
1

4
1

1

0

41

0

3 ==




 −−





 −=


−=−= ∫

x
xdxxy (4.7)


WLU��ùHNLOGHQ�GH�J|U�OHELOHFH÷L�JLEL�� oH\UHN�GDLUHQLQ�H÷ULVLQL�ROGXNoD� L\L� WDNLS� HGHQ

bir fonksiyondur.

.RQWURO� 'H÷LúNHQL� \|QWHPLQGH� GH�� RUWDODPD� \|QWHPLQGH� ROGX÷X� JLEL�� VDGHFH� x-

NRRUGLQDW� G�]OHPLQGH� UDVJHOH�QRNWD� VHoLPL� \DSÕOÕU��%X� VHoLOHQ� UDVJHOH�x-QRNWDVÕQGD

KHU� LNL� IRQNVL\RQXQ� GD� GH÷HUL� KHVDSODQÕU� YH� EX� LNL� IRQNVL\RQXQ� ELUELULQGHQ� IDUNÕ

EXOXQXU�� %X� IDUN� PLNWDUÕ�� VHoLOHQ� KHU� x-GH÷HUL� LoLQ� KHVDSODQDUDN� EXOXQXU�� øúOHPLQ

VRQXQGD�EX�IDUNODUÕQ�RUWDODPDVÕ�DOÕQDUDN�YH� WÕSNÕ�RUWDODPD�\|QWHPLQGH�ROGX÷X�JLEL�

DUDOÕN�E�\�NO�÷��RODQ�(b-a) = 1� LOH�oDUSÕOÕU��%|\OHOLNOH��DUDGÕ÷ÕPÕ]�DODQ�LOH�GH÷HULQL

ELOLQHQ� IRQNVL\RQXQ� DODQÕ� DUDVÕQGDNL� DODQ� IDUNÕQÕ� \DQL� IDUN� LQWHJUDOLQLQ� GH÷HUL
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EXOXQXU�� %X� IDUN�� GH÷HUL� ELOLQHQ� IRQNVL\RQXQ� LQWHJUDO� GH÷HULQH� HNOHQHUHN�� EXOPD\Õ

LVWHGL÷LPL]�LQWHJUDO�GH÷HULQH�\DNODúÕOÕU�

%X� \|QWHPGH�� HOGH� HGLOHQ� LQWHJUDO� GH÷HUL�� HQ�N|W�� NHVWLULPGH� ELOH� �D]� VD\ÕGD� |UQHN

DOÕQPDVÕ� YH\D� UDVJHOH� QRNWDODUÕQ� VHoLPLQGH� NXOODQÕODQ� RODVÕOÕN� \R÷XQOXN

IRQNVL\RQXQXQ� LGHDOGHQ� X]DN� ROPDVÕ� GXUXPXQGD��� NRQWURO� IRQNVL\RQXQ� LQWHJUDO

GH÷HULQH�ROGXNoD�\DNÕQ�ELU�GH÷HU�DODFD÷ÕQGDQ�GROD\Õ��\DNODúÕPÕPÕ]�ROGXNoD�KÕ]OÕ�YH

D]� VD\ÕGD� QRNWD� LOH� JHUoHNOHúHELOLU� GXUXPGDGÕU�� %R\OHOLNOH� KHU� QRNWD� LoLQ� NHVWLULP

\DSPDN� ]RUXQGD� NDOPD\DUDN�� HQ� N|W�� WDKPLQL� \DSVDN� ELOH�� WDQÕPVÕ]� QRNWDODU� LoLQ

NRQWURO� IRQNVL\RQXPX]XQ� GH÷HUOHULQL� DWDPÕú� ROXUX]�� %X� GD� NHVWLULPL]LQ� GR÷UX

GH÷HUOHUH�XODúPD�KÕ]ÕQÕ�ROGXNoD�DUWWÕUDFDNWÕU�

ùHNLO 4.8.RQWURO GH÷LúNHQL \|QWHPL LOH HOGH HGLOHQ VRQXoODU
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.RQWURO�IRQNVL\RQX�NXOODQPDQÕQ�DYDQWDMÕ��úHNLOGHQ�GH�DoÕN�ELU�úHNLOGH�J|U�OPHNWHGLU�

π� GH÷HULQGHQ� VDoÕOÕP�� 100 örnekte bile, reddetme ve ortalama yöntemlerine göre

ROGXNoD�D]GÕU�YH�ROGXNoD�L\L�ELU�\DNODúÕP�J|VWHUPHNWHGLU�

Tablo 4.3 Kontrol fonksiyonu yöntemi ile elde edilen sonuçlar

1 Gruptaki
gUQHN 6D\ÕVÕ

1 Grup için   π π'den Sapma% 100 grup için  π π'den Sapma%

10 3.18462658 1.36980963 3.13206005 -0.30343494

20 3.06250596 -2.51741028 3.14630818 0.15009719

50 3.14506197 0.11042897 3.13627720 -0.16919896

100 3.12197566 -0.62443107 3.14052820 -0.03388532

500 3.14595604 0.13888811 3.14172602 0.00424230

1 000 3.14232850 0.02341995 3.14143682 -0.00496327

5 000 3.14549780 0.12430185 3.14157581 -0.00053882

10 000 3.13835812 -0.10296130 3.14157987 -0.00040981

100 000 3.14179111 0.00631413 3.14159465 0.00006071

1 000 000 3.14160132 0.00027320 3.14159274 0.00000000

10 000 000 3.14159393 0.00003794 3.14159298 0.00000758

7DEORGDNL� HOGH� HGLOHQ� GH÷HUOHUL� GL÷HUOHUL� LOH� � NDUúÕODúWÕUGÕ÷ÕPÕ]GD� GD� VD\ÕVDO

VRQXoODUÕQ� JHUoHN� GH÷HUH� QH� NDGDU� KÕ]OÕ� \DNÕQVDGÕ÷ÕQÕ� J|U�\RUX]�� $]� VD\ÕGD� |UQHN

DOÕQPDVÕQD� UD÷PHQ�� UHGGHWPH� YH� RUWDODPD� \|QWHPOHULQH� J|UH� ROGXNoD� KÕ]OÕ� ELU

\DNODúÕP�J|VWHUPLúWLU�YH�DUDQÕODQ�GH÷HUH�ROGXNoD�\DNÕQ�VRQXoODU�YHUPLúWLU�

%X�\|QWHPLQ�HQ�WHPHO�]RUOX÷X��LQWHJUDOLQL�EXOPD\D�oDOÕúWÕ÷ÕPÕ]�IRQNVL\RQX�L\L�WDNLS

HGHQ� ELU� IRQNVL\RQ� EXOPDNWÕU�� � .HVWLULPFL� IRQNVL\RQXQ� L\L� WDKPLQ� HGLOHPHGL÷L

GXUXPODUGD�� EX� \|QWHP� EL]H� \DUDUGDQ� oRN� ]DUDU� JHWLUHFHNWLU�� %X� \DQOÕú� NHVWLULP

QHGHQL\OH��\DNODúÕP�KÕ]ÕPÕ]�ROGXNoD�G�úHFHN��GR÷UX�VRQXFD�XODúPDN�LoLQ�oRN�VD\ÕGD

|UQHN�DOPDPÕ]�JHUHNHFHN�YH�VRQXoODU�JHUoHN�GH÷HUGHQ�X]DN�oÕNDUDN��ROGXNoD�E�\�N

hatalara neden olabilecektir.

<|QWHPLQ� LNLQFL� FDQ� DOÕFÕ� QRNWDVÕ� LVH�� RODVÕOÕN� \R÷XQOXN� IRQNVL\RQXQ� VHoLPLGLU��%X

\|QWHPGH�� RODVÕOÕN� \R÷XQOXN� IRQNVL\RQXQ� VHoLPL�� GL÷HU� \|QWHPOHUGH� ROGX÷X� JLEL�

LQWHJUDOL� DUDQÕODQ� IRQNVL\RQXQ� KÕ]OÕ� GH÷LúLPOHULQL� WDNLS� HGLS�� EX� GH÷LúLPOHUGH� GDKD

ID]OD�QRNWD� VHoHFHN�úHNLOGH�GH÷LOGLU��.HVWLULP� IRQNVL\RQX� LOH� LQWHJUDOL�EXOXQXOPD\D

oDOÕúÕODQ� IRQNVL\RQ� DUDVÕQGDNL� IDUNODUÕQ� L\L� \DNDODELOPHVL� JHUHNWL÷LQGHQ�� RODVÕOÕN

\R÷XQOXN�IRQNVL\RQXQXQ�VHoLPL�EX�IDUN�IRQNVL\RQXQD�GD\DQÕODUDN�\DSÕODFDNWÕU�
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%X� \|QWHP�� LQWHJUDOL� EXOXQDFDN� IRQNVL\RQXQ� \DNODúÕN� RODUDN� ELOLQPHVL� YH� GH� EX

IRQNVL\RQD� ROGXNoD� \DNÕQ� YH� LQWHJUDOL� ELOLQHQ� ELU� IRQNVL\RQ� ROGX÷XQGD� ROGXNoD

DYDQWDMOÕGÕU�� 'L÷HU� \|QWHPOHUH� J|UH� GH� ROGXNoD� KÕ]OÕ� \DNODúPDNWDGÕU�� .HVWLULP

IRQNVL\RQXQXQ� EHOLUOHQPHVL� ROGXNoD� KDVVDV� ELU� NULWHU� ROGX÷XQGDQ�� KDWDOÕ� IRQNVL\RQ

VHoLOPHVL� GXUXPXQGD�� \|QWHP� DYDQWDMODUÕQÕ� J|VWHUHPH\HUHN�� GL÷HU� \|QWHPOHULQ� ELOH

GDKD�YHULPVL]�KDOH�G|Q�úHELOHFHNWLU�

4.1.4 gQHP�|UQHNOHPH�\|QWHPLQLQ�X\JXODQÕúÕ�YH�VRQXoODUÕ

%X�\|QWHP��NRQWURO�GH÷LúNHQL�\|QWHPLQH�ROGXNoD�EHQ]HU�ELU�\|QWHPGLU��)DNDW�EXUDGD

DUDQÕODQ� f(x)� IRQNVL\RQXQXQ� KDNNÕQGD� NXOODQÕODQ� \DUGÕPFÕ� IRQNVL\RQXQ� HWNLVL�

WRSODPVDO�RODUDN�GH÷LO�oDUSÕPVDO�RODUDNWÕU�

gQHP�|UQHNOHPHGH�DPDo��IRQNVL\RQXQ�NDUDNWHULVWL÷LQL�EHOLUOH\HELOHFHN�YH�IRQNVL\RQ

KDNNÕQGD�HQ�oRN�ELOJL�DOÕQDELOHFHN�E|OJHOHUGHQ�|UQHN�DODUDN��ELOJL\H�KÕ]OÕ�HULúPHNWLU

%|\OHOLNOH� JHUHNVL]� QRNWD� VHoLPOHULQGHQ� NDoÕQÕODUDN�� YDNLW� ND\EÕ� D]DOWÕOÕU� YH� LúOHP

]DPDQÕQÕQ�D]DOWÕOPDVÕ�VD÷ODQÕU�

%X� \|QWHPGH�� NRQWURO� GH÷LúNHQL� \|QWHPLQGH� LQWHJUDOL� DOÕQPDN� LVWHQHQ� IRQNVL\RQD

EHQ]HU� IRQNVL\RQ� RODUDN� NXOODQÕODQ�� h(x)� \DNODúÕP� IRQNVL\RQX� |UQHNOHPHGH

NXOODQÕODFDN� RODVÕOÕN� \R÷XQOXN� IRQNVL\RQXQXQ� HOGH� HGLOPHVLQGH� NXOODQÕOÕU�� %X

nedenle, f(x)� IRQNVL\RQXPX]D� QH� NDGDU� \DNÕQ� ELU h(x)� \DNODúÕP� IRQNVL\RQX

NXOODQÕUVDN��R�NDGDU�L\L�VRQXoODU�HOGH�HGHUL]�

En iyi sonuç, h(x)=f(x)� ROGX÷X� GXUXPGD� HOGH� HGLOLU�� 21)( xxf −=  olarak

ELOGL÷LPL]GHQ� GROD\Õ�� EX� IRQNVL\RQD� X\JXQ� RODUDN� RODVÕOÕN� \R÷XQOXN� IRQNVL\RQXQX

elde ederek, 0�YDU\DQVOÕ�VRQXFD�XODúPDPÕ]�GDKD�NROD\GÕU�

ùX�ELU�JHUoHNWLU�NL��|QHP�|UQHNOHPH�\|QWHPL�KLoELU�]DPDQ�NRQWURO�GH÷LúNHQL�\|QWHPL

NDGDU� L\L� VRQXo� YHUHQ� ELU� \|QWHP� GH÷LOGLU�� $PD� X\JXQ� IRQNVL\RQ� VHoLOPHVL

durumunda, reddetme ve ortalama yöntemlerinden daha iyi sonuçlar verir.

ùLPGL� GH÷LúLN� \DNODúÕP� IRQNVL\RQODUÕ� NXOODQDUDN�� f(x) fonksiyonumuzun integral

GH÷HULQL�KHVDSODPD\D�oDOÕúDOÕP�
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4.1.4.1 /LQHHU�\DNODúÕP�IRQNVL\RQX�LOH

øON�RODUDN��OLQHHU�ELU�\DNODúÕP�IRQNVL\RQX�RODQ�

xxh −= 1)( (4.8)

IRQNVL\RQXQX�NXOODQDOÕP�

ùHNLOGHQ� GH� J|U�OHELOHFH÷L� JLEL�� \DNODúÕP� IRQNVL\RQXPX]� LQWHJUDOL� DUDQÕODQ

IRQNVL\RQGD�ROGXNoD� IDUNOÕGÕU��%X� IDUNOÕOÕN�� VRQXoWD� EXOXQDFDN� LQWHJUDO� GH÷HULQH� YH

ROXúDFDN�KDWD\D�GD�HWNL\HFHNWLU�

ùHNLO 4.9 
21 x− fonksiyonu ve (1-x) \DNODúÕP IRQNVL\RQX

Bu (1-x)� \DNODúÕP� IRQNVL\RQX� NXOODQDUDN�� LQWHJUDO� DOPDN� LVWHGL÷LPL]� E|OJHGH�

\DNODúÕP�IRQNVL\RQXPX]D�EHQ]HU�ELU�RODVÕOÕN�\R÷XQOXN�IRQNVL\RQX�ROXúWXUDOÕP�
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(4.9)

%X� RODVÕOÕN� \R÷XQOXN� IRQNVL\RQXQX� NXOODQDUDN�� LQWHJUDO� GH÷HULPL]L� EXOPDN� LoLQ

UDVJHOH�VD\Õ��UHWHFLPL]GH�NXOODQDFD÷ÕPÕ]��RODVÕOÕN�GD÷ÕOÕP�IRQNVL\RQXQX�HOGH�HGHOLP�
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∫∫ −=−===
xx

xxdxxdxxpxF
0

2

0

2)1(2)()(ξ (4.10)

Bu, F(x)�RODVÕOÕN�GD÷ÕOÕP�IRQNVL\RQXQXQ�WHUVLQL�DOÕUVDN�

ξ−−= 11x (4.11)

GHQNOHPLQL� HOGH� HGHUL]�� � %X� GHQNOHP� G|Q�ú�P�� VD\HVLQGH�� UDVJHOH� VD\Õ� �UHWHFL� LOH

program sayesinde (0, 1)� DUDVÕQGD� �UHWWL÷LPL]� G�]J�Q� GD÷ÕOÕPOÕ� VD\ÕODUGDQ�� f(x)

IRQNVL\RQXPX]XQ� LQWHJUDOLQL� DOPDPÕ]Õ� GDKD� NROD\ODúWÕUDFDN�� X\JXQ� ELU� RODVÕOÕN

\R÷XQOX÷XQD�VDKLS�\HQL�ELU�VD\Õ�JUXEX�HOGH�HGHELOLUL]�

ùHNLO 4.10gQHP |UQHNOHPH \|QWHPL YH ���[� \DUGÕPFÕ IRQNVL\RQX LOH HOGH HGLOHQ VRQXoODU

%X� \DNODúÕP� IRQNVL\RQX� LOH� gQHP� |UQHNOHPH� LOH� HOGH� HGLOHQ� π� GH÷HUOHUL� úHNLOGH

görülmektedir.
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6HoLOHQ� \DUGÕPFÕ� IRQNVL\RQXQ� YH� EX� IRQNVL\RQGDQ� HOGH� HGLOHQ� RODVÕOÕN� \R÷XQOXN

fonksiyonumuzun, f(x)�IRQNVL\RQXPX]D�oRN�X\JXQ�ROPDPDVÕQGDQ�GROD\Õ�L\L�VRQXoODU

HOGH�HGLOHPHPLúWLU�

Tablo 4.4 Önem örnekleme yöntemi ve (1-x) \DUGÕPFÕ IRQNVL\RQX LOH HOGH HGLOHQ VRQXoODU

1 Gruptaki
gUQHN 6D\ÕVÕ

1 Grup için   π π'den Sapma% 100 grup için  π π'den Sapma%

10 3.06208181 -2.53091145 3.05633211 -2.71393013

20 2.92867303 -6.77744484 3.08802176 -1.70521736

50 3.17870522 1.18132675 3.11688876 -0.78635204

100 3.00752306 -4.26757050 3.12095523 -0.65691239

500 3.22366333 2.61238790 3.14684200 0.16708919

1 000 3.07559204 -2.10086751 3.14377379 0.06942507

5 000 3.13621354 -0.17122525 3.14124751 -0.01098901

10 000 3.13674331 -0.15436228 3.14153194 -0.00193522

100 000 3.14064121 -0.03028809 3.14151454 -0.00248922

1 000 000 3.14174390 0.00481148 3.14150143 -0.00290662

10 000 000 3.14151955 -0.00232985 3.14150310 -0.00285350

%X� X\XPVX]OXN� HOGH� HGLOHQ� VRQXoODUÕQ�� DUDQÕODQ� GH÷HUGHQ� ROGXNoD� X]DN� oÕNPDVÕQD

QHGHQ�ROPXúWXU��%LU�QHYL��\|QWHPLQ�E�W�Q�DYDQWDMODUÕQÕ�RUWDGDQ�NDOGÕUPÕú��YH�KDWWD�EX

DYDQWDMODUÕ�GH]DYDQWDM�KDOLQH�G|Q�úW�UP�úW�U�

4.1.4.2 hVWHO�\DNODúÕP�IRQNVL\RQX�LOH

ùHNLO 4.11 21 x−  fonksiyonu ve xe−
\DNODúÕP IRQNVL\RQX
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øNLQFL� RODUDN�� IRQNVL\RQXPX]D� GDKD� EHQ]HU� ELU� RODVÕOÕN� \R÷XQOXN� IRQNVL\RQX� HOH

DODOÕP�

xexh −=)( (4.12)

ùHNLO 4.12 Önem örnekleme yöntemi ve xe−
\DUGÕPFÕ IRQNVL\RQX LOH HOGH HGLOHQ VRQXoODU

%X�\DNODúÕP�IRQNVL\RQXPX]XQ�RODVÕOÕN�\R÷XQOXN�IRQNVL\RQX�
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GLU�YH�RODVÕOÕN�GD÷ÕOÕP�IRQNVL\RQX�LVH�
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ve bu fonksiyonumuzun ters fonksiyonu ise,






 −−−= ξ

e

e
x

1
1ln (4.15)

'dir.

*|U�OG�÷�� JLEL�� OLQHHU� \DNODúÕP� IRQNVL\RQX\OD� \DSÕODQ� LúOHPGHQ� GDKD� YHULPOL� ELU

VRQXo�HOGH�HGLOPLúWLU>(./(5@�

Tablo 4.5 Önem örnekleme yöntemi ve xe−
\DUGÕPFÕ IRQNVL\RQX LOH HOGH HGLOHQ VRQXoODU

1 Gruptaki
gUQHN 6D\ÕVÕ

1 Grup için   π π'den Sapma% 100 grup için  π π'den Sapma%

10 3.30075264 5.06621695 3.16542506 0.75860631

20 3.08088636 -1.93234396 3.14021087 -0.04398641

50 3.21414971 2.30956006 3.14401650 0.07715077

100 3.11437988 -0.86621213 3.13776469 -0.12185057

500 3.16363645 0.70167291 3.14084148 -0.02391325

1 000 3.10858178 -1.05077147 3.14195824 0.01163408

5 000 3.13904572 -0.08107434 3.14133048 -0.00834800

10 000 3.14711308 0.17571799 3.14115143 -0.01404742

100 000 3.14089561 -0.02219052 3.14136410 -0.00727794

1 000 000 3.14149642 -0.00306599 3.14147067 -0.00388561

10 000 000 3.22401690 2.62364244 3.22401428 2.62355900

$UDGÕ÷ÕPÕ]� IRQNVL\RQXQ� úHNOLQLQ�� \DNÕQVDPDNWD� NXOODQGÕ÷ÕPÕ]� �VWHO� IRQNVL\RQXQ

úHNOLQH�D]�GD�ROVD�EHQ]HUOL÷L�ELOH�HULúLPLPL]L�ROXPOX�\|QGH�HWNLOHPLúWLU�

4.1.4.3 (1-x3���<DNODúÕP�IRQNVL\RQX�LOH

ùLPGL�NRQWURO�\|QWHPLQGH�NXOODQGÕ÷ÕPÕ]��IRQNVL\RQXPX]D�ROGXNoD�EHQ]HU�RODQ�h(x)

= (1-x3)�IRQNVL\RQX��gQHP�|UQHNOHPH�\|QWHPLQGH�HOH�DODOÕP�

%X�IRQNV\RQXQ��������DUDOÕ÷ÕQGD�LQWHJUDOL�



68

4

3

4

0
0

4

1
1

4
)1(

1

0

1

0

4
3 =





 −−





 −=


−=−= ∫

x
xdxxI h (4.16)

GLU��%X�IRQNVL\RQXPX]D�LOLúNLQ�RODQ�RODVÕOÕN�\R÷XQOXN�IRQNVL\RQXPX]�LVH�

( )31
3

4)(
)( x

Õ

xh
xp

h

−== (4.17)


W�U�%XUDGDQ�GD��RODVÕOÕN�GD÷ÕOP�IRQNVL\RQXQX�HOGH�HGHUVHN�

( ) 





−=−=== ∫ ∫ 43

4
1

3

4
)()(

4

0 0

3 x
xdxxdxxpxF

x x

ξ (4.18)

denklemini elde ederiz.

ùHNLO 4.13øQWHJUDOLQL DOPDN LVWHGL÷LPL]
21 x−  fonksiyonu, (1-x3) \DUGÕPFÕ IRQNVL\RQX YH EX

\DUGÕPFÕ IRQNVL\RQGDQ HOGH HGLOHQ RODVÕOÕN GD÷ÕOÕP IRQNVL\RQX

Fakat bu denklemin analitik olarak bir ters fonksiyonu yoktur. Bu nedenle, ters

IRQNVL\RQXQ�HOGH�HGLOPHVL�LoLQ��WDEOR�\|QWHPLQGHQ�\DUDUODQÕOPÕúWÕU�

Tablo yönteminde, x-ekseni (0,1)� DUDOÕ÷ÕQGD� SDUoDODUD� E|O�Q�U� YH� KHU�x� GH÷HUL� LoLQ

RODVÕOÕN� \R÷XQOXN� IRQNVL\RQXQ� LQWHJUDOL� DOÕQÕU�� \DQL� VHoLOHQ� KHU� x� GH÷HUL� ������
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denkleminde yerine konularak, belirli x'ler için F(x)�GH÷HUOHUL�KHVDSODQÕU��%|\OHOLNOH�

YHULOHQ� RODVÕOÕN� GD÷ÕOÕP� IRQNVL\RQX� F(x)
LQ�� UDVODQWÕVDO� GH÷LúNHQ� x, ters yöntemin

u=F(x) için çözümü olan x ve u�GH÷HUOHUL�ELU�WDEOR�úHNOLQGH�ROXúWXUXOXU.

ùHNLO 4.142ODVÕOÕN GD÷ÕOÕP IRQNVL\RQX 





−=

43

4
)(

4x
xxF 
LQ WHUV IRQNVL\RQXQ JUDIL÷L

u=F(x)'den x=F-1(u) \D]ÕODELOHFH÷LQGHQ�� ROXúWXUXODQ� WDEORGDQ� EX� NH]� GH� VHoLOHQ� u

GH÷HUOHUL�LoLQH�NDUúÕ�G�úHQ�x�GH÷HUOHUL�RNXWXODELOLU�

2ODVÕOÕN� \R÷XQOXN� IRQNVL\RQX� p(x)� RODQ�� UDVJHOH� [� GH÷HUOHUL� �UHWPHN� LoLQ�� (0, 1)

DUDVÕQGD�G�]J�Q�GD÷ÕODQ�u
ODUÕQ�GH÷HUOHUL�(=F(x))'GHQ�\ROD�oÕNDUDN��EX�GH÷HUOHUH�NDUúÕ

G�úHQ�x
OHU�EXOXQXU�YH�E|\OHOLNOH�LVWHQLOHQ�GD÷ÕOÕP�ROXúWXUXOXU�

<DUGÕPFÕ� IRQNVL\RQ� \DUGÕPÕ\OD� HOGH� HGLOHQ� RODVÕOÕN� \R÷XQOX÷XQD� X\JXQ� RODQ� EX� x
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GHQNOHPLQGH�\HULQH�NRQXODUDN�LQWHJUDO�GH÷HUL�KHVDSODQÕU�
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ùHNLO 4.15 Önem örnekleme yöntemi ve ( )31 x− \DUGÕPFÕ IRQNVL\RQX LOH HOGH HGLOHQ VRQXoODU

%X�KHVDSODPDGD�HOGH�HGLOHQ�VRQXo��UDVJHOHOLN�VHoLOHQ�QRNWDODUOD�LúOHP�\DSÕOGÕ÷ÕQGDQ�

NRQWURO� GH÷LúHQL� NDGDU� YHULPOL� GH÷LOGLU�� � $PD� \LQH� GH� UHGGHWPH� YH� RUWDODPD

\|QWHPLQGHQ�GDKD�KÕ]OÕ�\DNODúÕP�\DSDQ�ELU�\|QWHPGLU�

Tablo 4.6 Önem örnekleme yöntemi ve ( )31 x− \DUGÕPFÕ IRQNVL\RQX LOH HOGH HGLOHQ VRQXoODU

1 Gruptaki
gUQHN 6D\ÕVÕ

1 Grup için   π π'den Sapma% 100 grup için  π π'den Sapma%

10 3.05503726 -2.75514650 3.10493135 -1.16696811

20 3.05573130 -2.73305464 3.13786983 -0.11850378

50 3.05963111 -2.60891962 3.13272285 -0.28233725

100 3.17201304 0.96830833 3.15510702 0.43017289

500 3.13199902 -0.30537775 3.14054418 -0.03337685

1 000 3.18919563 1.51524711 3.14083982 -0.02396637

5 000 3.15349126 0.37874156 3.14145899 -0.00425748
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4.1.4.4 )RQNVL\RQ�VHoLPOHULQLQ�NDUúÕODúWÕUÕOPDVÕ

Önem örnekleme yönteminde seçilecek fonkiyonun önemi, ùHNLO� 4.16'dan da

J|U�OHELOHFH÷L� JLEL� ROGXNoD� ID]ODGÕU�� 6HoLOHQ� IRQNVL\RQ� QH� NDGDU� X\JXQVD�� LVWHQHQ

GH÷HUH� HULúLP� KÕ]Õ� R� NDGDU� \�NVHN� RODFDNWÕU�� (1-x)� OLQHHU� IRQNVL\RQX� LOH� \DSÕODQ

\DNODúÕPGD�JHUoHN�GH÷HUGHQ�VDSPDODU�ROGXNoD�ID]OD�LNHQ��IRQNVL\RQX�GDKD�L\L�WDNLS

eden (1-x3) ve e-x IRQNVL\RQODUÕQÕQ�VDSPD�PLNWDUODUÕ�G�ú�N�YH�HULúLP�KÕ]ODUÕ�ROGXNoD

iyidir.

ùHNLO 4.16gQHP |UQHNOHPH \|QWHPLQGH oHúLWOL IRQNVL\RQODU LoLQ VDSPD PLNWDUODUÕ

(1-x3) fonksiyonu 21 x− � IRQNVL\RQXQD� GDKD� X\XPOX� ELU� IRQNVL\RQ� ROPDVÕQD

UD÷PHQ� e-x� IRQNVL\RQXQGDQ� GDKD� N|W�� VRQXoODU� YHUPLúWLU�� %XQXQ� QHGHQL� (1-x3)

IRQNVL\RQXQ� WHUV� IRQNVL\RQXQXQ� EXOXQDPD\ÕS�� WDEOR� \|QWHPL� LOH� WHUV� IRQNVL\RQ

GH÷HUOHULQH� HULúLOPH\H� oDOÕúÕOPDVÕQGDQGÕU�� .XOODQÕODQ� WDEORGD� GD�� HULúLPL

KÕ]ODQGÕUPDN�DPDFÕ�LOH��DGÕP�VD\ÕVÕQÕQ�E�\�N�WXWXOPDVÕ�QHGHQL\OH��EX�IRQNL\RQXQXQ�

IRQNVL\RQXPX]D� X\XPOXOX÷XQXQ� HWNLOHUL� ND\EHGLOPLúWLU�� %XUDGDQ� GD� DQODúÕODFD÷Õ

JLEL�� WHUV� IRQNVL\RQX�EXODQDQ� IRQNVL\RQODUOD� LúOHP�\DSPDN�ROGXNoD� DYDQWDMOÕ� YH� GH

YHULPOLGLU��7HUV�IRQNVL\RQX�EXOXQDPD\DQ� IRQNVL\RQODUÕQ�NXOODQÕPÕQGD� LVH�� WDEORGDQ

RNXPDGD�ND\EHGLOHQ�YDNLW�QHGHQL\OH�YH�GH�ROXúWXUXODQ�WDEORQXQ�o|]�Q�UO�÷�Q�Q�L\L

\DSÕODPDPDVÕQGDQ�GROD\Õ�ROXPVX]OXOXNODUÕ�ROGXNoD�ID]ODGÕU�
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gQHP� |UQHNOHPH� \|QWHPLQLQ� GH]DYDQWDMÕ�� RODVÕOÕN� \R÷XQOXN� GROD\ÕVÕ\OD� \DNODúÕP

IRQNVL\RQXQXQ� EHOLUOHQPHVLQLQ� ]RUOX÷XGXU�� $\UÕFD�� \|QWHPLQ� X\JXODQPDVÕQGD�

RODVÕOÕN�GD÷ÕOÕP�IRQNVL\RQXQXQ��WHUV�IRQNVL\RQXQXQ�EXOXQPDVÕ�JHUHNWL÷LQGHQ��X\JXQ

ELU� IRQNVL\RQ� EXOXQVD� GDKL� WHUV� IRQNVL\RQX� HOGH� HGLOHPHGL÷LQGH� ùHNLO� 4.16'da

J|U�OHELOHFH÷L� JLEL� \|QWHP� NXOODQÕúOÕOÕ÷ÕQÕ� ND\EHGHELOLU�� 7HUV� IRQNVL\RQXQ

EXOXQDPDGÕ÷Õ�GXUXPODUGD�NXOODQÕODQ�WDEOR�\|QWHPL�GH�ROGXNoD�YDNLW�YH�GH�LúOHP�DODQ

ELU�\RO�ROGX÷XQGDQ�PDOL\HWL�ROGXNoD�\�NVHN�RODELOLU�

+DWDOÕ� RODVÕOÕN� \R÷XQOXN� IRQNVL\RQXQXQ� VHoLOPHVL� GXUXPXQGD� LVH�� IRQNVL\RQXQ

NDUDNWHULVWL÷L� WDP� RODUDN� WDNLS� HGLOHPHGL÷LQGHQ� GROD\Õ�� LQWHJUDO� GH÷HULQH� \DQOÕú� ELU

úHNLOGH�\DNÕQVDQPD\D�oDOÕúÕODFDNWÕU�YH�LVWHQLOHQ�VRQXoODU�HOGH�HGLOHPH\HFHNWLU�

%X� \|QWHP��ELU� YHULQLQ�RODVÕOÕN� \R÷XQOXN� IRQNVL\RQXQXQ�� \DNODúÕN� RODUDN� ELOLQPHVL

GXUXPGD��ROGXNoD�DYDQWDMOÕGÕU��+DEHUOHúPH�YHULOHULQLQ�ELU�oR÷X�KDNNÕQGD�HOGH�HGLOHQ

ELOJLOHU�� GDKD� oRN� RODVÕOÕNVDO� WHPHOOL� ROGX÷XQGDQ�� � EX� W�U� YHULOHULQ� LúOHQPHVLQGH

ROGXNoD�E�\�N�NROD\OÕNODU�VD÷ODU�

4.2 Simpson Yöntemi

Analitik integral alma yöntemlerinden en önemlilerinden biri olan Simpson yöntemi

ile 21 x− LQWHJUDOLQL�o|]PHN�LVWHGL÷LPL]GH�DúD÷ÕGDNL�VRQXoODUÕ�HOGH�HGHUL]��6LPSVRQ

\|QWHPLQGH�LQWHJUDO�DOPD�LúOHPL�IRQNVL\RQXQ�HúLW�DUDOÕNODUD�VDKLS�DGÕPODUD�E|O�QHUHN

\DSÕOPDNWDGÕU>(./(5@�

Tablo 4.7 Simpson yöntemi ile elde edilen sonuçlar

gUQHN 6D\ÕVÕ Bulunan   π π'den Sapma%

9 3.12118912 -0.64946747

19 3.13556457 -0.19188277

49 3.14021039 -0.04400159

99 3.14111900 -0.01507953

499 3.14155126 -0.00132050

999 3.14157820 -0.00046293

4 999 3.14159131 -0.00004553

9 999 3.14159226 -0.00001517

99 999 3.14159274 0.00000000
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%HOLUOL�DGÕPODUGD�IRQNVL\RQXQ�DOGÕ÷Õ�GH÷HUOHU�VDELW�ROGX÷XQGDQ�LúOHP�QH�NDGDU�WHNUDU

HGLOLUVH�HGLOVLQ��DGÕP�VD\ÕVÕ�VDELW�ROGX÷X�V�UHFH�D\QÕ�GH÷HUOHUH�HULúLOHFHNWLU�� øQWHJUDO

GH÷HUOHULQLQ�KHVDSODPDVÕQGD�EDVLW�ELU�6LPSVRQ�G|QJ�V��NXOODQÕOPÕúWÕU��%X�\|QWHPGH

UDVJHOH� VD\Õ� �UHWPH� LúOHPL� ROPDGÕ÷ÕQGDQ� YH� GH� ��ER\XWOX� LúOHP� \DSÕOGÕ÷ÕQGDQ

ROGXNoD�KÕ]OÕ�ELU�úHNLOGH�VRQXoODUD�HULúLOPLúWLU�

<XNDUÕGDNL� WDEORGDQ� J|U�OG�÷�� JLEL� HOGH� HGLOHQ� GH÷HUOHU�� π� GH÷HULQH� ROGXNoD

\DNÕQGÕU��$GÕP�VD\ÕVÕ�DUWWÕUÕOGÕNoD��ROGXNoD�OLQHHU�ELU�GDYUDQÕúOD�KDWD�PLNWDUÕ�D]DOÕS�

DUDQÕODQ�π�GH÷HULQH�LOJLOHQLOHQ�WDP�GH÷HUL\OH�\DNODúÕOPÕúWÕU�

4.3 .DUúÕODúWÕUPD

%X� WH]GH� HOH� DOGÕ÷ÕPÕ]� 6LPSVRQ� YH� 0RQWH� &DUOR� \|QWHPOHULQLQ� YHULPOLOL÷LQL� ��

ER\XWOX� LQWHJUDO� GHQNHOPHLQLQ� o|]�P�� NDUúÕODúWÕUGÕ÷ÕPÕ]GD�� 6LPSVRQ� \|QWHPLQGH

HOGH� HGLOHQ� GH÷HUOHULQ� π
\H� \DNÕQVDPDVÕQGD� ELU� GR÷UXVDOOÕN� YDUNHQ�� 0RQWH� &DUOR

\|QWHPOHUL� LOH� HOGH� HGLOHQ� VRQXoODUGD� UDVJHOH� VD\ÕODU� YH� RODVÕOÕNVDO� GD÷ÕOÕPODU

NXOODQÕOGÕ÷ÕQGDQ�ELU�G�]HQVL]OLN�YDUGÕU�

ùHNLO 4.17<|QWHPOHULQ 6DSPDODUÕQÕQ .DUúÕODúWÕUÕOPDVÕ
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ùHNLO�4.17
GH�GH�J|U�OHELOFH÷L�JLEL�� UHGGHWPH�\|QWHPL�JHQHO�RODUDN�HQ� ID]OD�KDWDQÕQ

PH\GDQD�JHOGL÷L� \|QWHPGLU��%X�GD�GDKD�|QFHGH�EDKVHGLOGL÷L� JLEL�� WDPDPHQ�VHoLOHQ

DODQ�YH�UDVJHOH�VD\Õ��UHWHFLQLQ�G�]J�Q�GD÷ÕOÕS�GD÷ÕOPDPDVÕ�LOH�LOJLOLGLU�

2UWDODPD� \|QWHPLQGH�� UDVJHOH� VHoLOHQ� QRNWDODUGD�� GR÷UXGDQ� IRQNVL\RQXQ� DQDOLWLN

LIDGHVLQGHQ� HOGH� HGLOHQ� GH÷HUOHU� NXOODQÕOGÕ÷ÕQGDQ�� 6LPSVRQ� \|QWHPLQH� EHQ]HU

VRQXoODU� EHNOHQHELOLUGL�� )DNDW�� UDVJHOH� VD\Õ� �UHWHFLQLQ� LGHDO� ELU� �UHWHo� ROPD\ÕS�

G�]J�Q� GD÷ÕOÕPOÕ� RODVÕOÕN� \R÷XQOXN� IRQNVL\RQXQD� X\JXQ� VD\ÕODU� �UHWHPHPHVLQGHQ

LOHUL�JHOPHNWHGLU��2OXúDQ�EX�KDWD�YH�VDSPDODUGDQ�GROD\Õ�oRN�YHULPOL�ELU�VRQXo�HOGH

HGLOHPLúWLU�� $\UÕFD�� VHoLOHQ� G�]J�Q� GD÷ÕOÕPOÕ� RODVÕOÕN� \R÷XQOXN� IRQNVL\RQX

NDUDNWHULVWLNOL� UDVJHOH� VD\Õ� �UHWHFL� IRQNVL\RQXQ� WDP� RODUDN� GH÷LúLPLQL� WDNLS

HGHELOHFHN� QLWHOLNWH� ROPDGÕ÷ÕQGDQ� DUDQÕODQ� LQWHJUDO� GH÷HULQH� L\L� ELU� úHNLOGH

\DNÕQVDQDPDPÕúWÕU�

gQHP� |UQHNOHPH� \|QWHPLQGH� VHoLOHQ� \DUGÕPFÕ� IRQNVL\RQOD� LOJLOL� RODUDN�� VRQXFD

\DNÕQVDPD� KÕ]ÕPÕ]GD� GH÷LúPHNWHGLU�� øúOHPOHU� ��ER\XWWD� \DSÕOGÕ÷ÕQGDQ� \DUGÕPFÕ

IRQNVL\RQODUÕQ� YH� VHoLOHQ� RODVÕOÕN� GD÷ÕOÕP� IRQNVL\RQODUÕQÕQ� YHULPOLOL÷L� WDP� RODUDN

görülememektedir.

.RQWURO� GH÷LúNHQL� \|QWHPLQGH� HOGH� HGLOHQ� VRQXoODU�� VHoLOHQ� \DUGÕPFÕ� IRQNVL\RQXQ

DUDQÕODQ� LQWHJUDO� IRQNVL\RQXQD� \DNÕQ� ROPDVÕ� QHGHQL\OH�� ROGXNoD� L\L� VRQXoODU

YHUPLúWLU�

Simpson yönteminde ise, π�GH÷HULQH�DGÕP�DUWWÕNoD�GR÷UXVDO�ELU�\DNÕQVDPD�PH\GDQD

JHOPLúWLU�

%X� HOGH� HGLOHQ� VRQXoODU�� EHNOHQHQ� VRQXoODUGÕU�� $QDOLWLN� \|QWHPOHUGHQ� 6LPSVRQ

\|QWHPLQLQ� ��ER\XWOX� LQWHJUDOOHU� LoLQ� KDWD� \DNÕQVDPDVÕ�� 0RQWH� &DUOR

\|QWHPLQLQNLQGHQ�ROGXNoD�L\LGLU��%XQD�HN�RODUDN�0RQWH�&DUOR�\|QWHPLQGH�NXOODQÕODQ

UDVJHOH� �UHWHoOHULQ� LGHDOVL]OL÷L� YH� WDP� RODUDN� LGHDO� RODVÕOÕN� \R÷XQOXN� YH� \DUGÕPFÕ

IRQNVL\RQODU�VHoLOHPHGL÷LQGHQ�EHNOHQHQ�GÕúÕQGD�GD�VDSPDODU�PH\GDQD�JHOPLúWLU�
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4.4 gQFHGHQ�hUHWLOPLú�gUQHN�*UXEXQXQ�'H÷LúLN�%�\�NO�NOHUGH��gUQHN

*UXEXQD�%|O�QHUHN�øQFHOHQPHVL

%X� LQFHOHPHPL]GH� LVH�� |QFHGHQ� �UHWLOPLú� |UQHNOHULQ� GH÷LúLN� E�\�NO�NWHNL� JUXSODU

KDOLQGH� LúOHQLS�� LVWHQHQ� JHUoHN� GH÷HU� HWUDIÕQGD� QH� NDGDU� VDoÕOGÕ÷Õ� LQFHOHQPLúWLU�

øúOHPH� VRNXODQ� WRSODP� |UQHN� VD\ÕVÕ� VDELW� ROGX÷XQGDQ�� KHU� IDUNOÕ� E�\�NO�NWHNL

JUXEXQ�VRQXo�RODUDN�XODúWÕ÷Õ�π�GH÷HUL�D\QÕGÕU�

+HVDSODPDODUÕPÕ]GD�G�]J�Q�RODVÕOÕN�\R÷XQOX÷X� LOH��UHWLOPLú�VDELW� VD\ÕGDNL�|UQHNOHU

NXOODQÕOPDNWDGÕU� � YH� EX� |UQHNOHUGHQ� IDUNOÕ� VD\ÕODUGD� DOÕQDUDN� JUXSODU� ROXúWXUXOXS�

LúOHPH�VRNXOPXúWXU��%X�JUXSWDNL�UDVJHOH�|UQHNOHU��EX�|UQHN�GH÷HUOHULQGH�IRQNVL\RQXQ

DOGÕ÷Õ� RUWDODPD� GH÷HUOHULQLQ� KHVDSODQPDVÕ� LOH� \DQL� 4.1.2 bölümünde örnek olarak

LQFHOHQHQ� 0RQWH� &DUOR
QXQ� � RUWDODPD� \|QWHPL� NXOODQÕODUDN� LQWHJUDO� KHVDEÕQGD

NXOODQÕOPÕúODUGÕU�

ùHNLO 4.187RSODP ���� |UQH÷LQ� ��� ��� YH ���
O� JUXSODU KDOLQGH LúOHPH VRNXODUDN KHU JUXS LoLQ HOGH
edilen π GH÷HUOHULQLQ� JHUoHN π GH÷HUL HWUDIÕQGD VDoÕOÕPÕ
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ùHNLO�4.18
GH�|QFHGHQ��UHWLOPLú�5000 örnek, 50, 100, 200 ve 500'lü gruplar halinde

LúOHPH� VRNXOPXúWXU�� %XUDGDQ� GD� J|U�OHELOHFH÷L� JLEL�� ELU� VHIHUGH� LúOHPH� VRNXODQ

HOHPDQ� VD\ÕVÕ� D]� RODQ� JUXSODUÕQ�� KHU� JUXS� GH÷HUL� LoLQ� HOGH� HGLOHQ�π� GH÷HUL� ROGXNoD

ID]OD� ELU� VDoÕOÕPD� X÷UDPÕúWÕU�� 6RQXo� RODUDN� WRSODPGD� LúOHPH� VRNXODQ� |UQHN� VD\ÕVÕ

5000�LOH�VDELW�ROGX÷XQGDQ�GROD\Õ��KHU�JUXS�LoLQ�XODúÕODQ�π�GH÷HUL�D\QÕGÕU�

7RSODP��������|UQHN� VD\ÕVÕ� LoLQ�� KHU� JUXS� LoLQ� HOGH� HGLOHQ�π� VD\ÕODUÕQÕQ� GD÷ÕOÕPÕQÕ

LQFHOHPHN� LVWH÷LPL]GH�� EX� GD÷ÕOÕP� ùHNLO� 4.19
GHQ� GH� J|U�OHELOHFH÷L� JLEL� *DXVV

GD÷ÕOÕPÕ�|]HOOL÷L�J|VWHUPHNWHGLU�

ùHNLO 4.19hUHWLOHQ ������ |UQH÷LQ� ���� ���� ��� YH ����
OL JUXSODU KDOLQGH LQFHOHQPHVL VRQXFX HOGH
edilen π GH÷HUOHULQLQ VD\ÕVDO GD÷ÕOÕPÕ

ùHNLOGH� IDUNOÕ� E�\�NO�NWHNL� JUXSODUÕQ� GD÷ÕOÕPÕ� LoLQ� NHVNLQ� ELU� VÕQÕU� QHW� RODUDN

J|U�OHPHPHNWHGLU��(OH�DOGÕ÷ÕPÕ]�|UQHN�VD\ÕVÕQÕ�DUWWÕUGÕ÷ÕPÕ]GD�LVH���ùHNLO�4.20'dan ve

ùHNLO�4.21
GDQ� J|U�OHELOHFH÷L� JLEL�� KHU�|UQHN� JUXEX� LoLQ� HOGH� HWWL÷LPL]� GD÷ÕOÕP� D\UÕ

D\UÕ�QHW�ELU�úHNLOGH�J|U�OHELOPHNWHGLU��(OHPDQ�VD\ÕVÕQÕ�\�NVHN�WXWWX÷XPX]�JUXSODUÕQ�

EHNOHQGL÷L� JLEL�� JHUoHN� π� GH÷HUL� HWUDIÕQGDNL� VDoÕOÕPÕ� ROGXNoD� N�o�NW�U�� gUQHN

VD\ÕVÕQÕ� N�o�N� WXWX÷XPX]GD� LVH�� VDoÕOÕP� \D\ÕQÕQ� ROGXNoD� E�\�N� ROGX÷X� DoÕNoD

görülebilmektedir.



77

ùHNLO 4.20hUHWLOHQ ������� |UQH÷LQ ���� ���� ��� YH ����
OL JUXSODU KDOLQGH LQFHOHQPHVL VRQXFX HOGH
edilen π GH÷HUOHULQLQ VD\ÕVDO GD÷ÕOÕPÕ

100.000� |UQHN� LoLQ� \DSÕODQ� LQFHOHPHGH� HOGH� HGLOHQ� π� GH÷HUOHULQLQ�� JHUoHN� GH÷HU

HWUDIÕQGDNL� VDoÕOÕPÕQÕ� JDXVV� GD÷ÕOÕPÕQD� EHQ]HUOL÷L� ROGXNoD� L\L� ELU� úHNLOGH

J|U�OPHNWHGLU��(OH� DOÕQDQ� |UQHN� VD\ÕVÕ� DUWWÕNoD� HOGH� HGLOHQ�π
\H� \DNODúDUDN� ROGXNoD

N�o�N�VDoÕOÕPODU�J|VWHUPHNWHGLUOHU�

ùHNLO 4.21hUHWLOHQ ��������� |UQH÷LQ� ���� ���� ��� YH ����
OL JUXSODU KDOLQGH LQFHOHQPHVL VRQXFX
elde edilen π GH÷HUOHULQLQ VD\ÕVDO GD÷ÕOÕPÕ

ùHNLO� 4.21
GDQ� GD� J|U�OG�÷�� �]HUH�� 1.000.000� |UQHN� LoLQ� \DSÕODQ� LQFHOHPHGH�� KHU

IDUNOÕ� E�\�NO�NWHNL� JUXEXQ� GD÷ÕOÕPÕQÕQ� JUDIL÷L� ROGXNoD� D\UÕGÕU� YH� GD÷ÕOÕP

SDUDPHWUHOHUL� úHNLOGHQ� GH� HOGH� HGLOHELOHFHN� NDGDU� DoÕNWÕU�� 6HoLOHQ� WDKPLQL� GH÷HUOHU
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QRUPDO�GD÷ÕOPÕúWÕU�YH�ROXúWXUXODQ�JUXSWDNL�QRNWD� VD\ÕVÕ� QH�NDGDU� oRNVD�� HOGH� HGLOHQ

VRQXoODUÕQ�VWDQGDUW�VDSPDVÕ�GD�R�NDGDU�N�o�OHFHNWLU���ùHNLO�4.21'da, 1000 örnek için

meydana gelen standart sapma oldukça küçüktür ve 100, 200 ve 500 örnekli

JUXSODUÕQ�VWDQGDUW�VDSPDODUÕQGDQ�UDKDWOÕNOD�D\ÕUWHGLOHELOLU�ELU�KDOGHGLU�

4.5 0RQWH�&DUOR�<|QWHPLQLQ�dRN�%R\XWOX�%LU�3UREOHPH�8\JXODQPDVÕ�

Hiper Kürenin Hacmi

0RQWH� &DUOR� <|QWHPLQLQ� ER\XWWDQ� ED÷ÕPVÕ]� ELU� \|QWHP� ROGX÷XQX� |QFHNL

E|O�POHULPL]GH� EHOLUWPLúWLN�� ùLPGL� 0RQWH� &DUOR� <|QWHPL¶QLQ� EX� |]HOOL÷LQL

anlayabilmek için, yöntemi d-ER\XWOX� ELU� KLSHU� N�UHQLQ� KDFPLQLQ� EXOXQPDVÕQD

X\JXOD\DOÕP��d-ER\XWOX�X]D\GD�ELU�N�UHQLQ�KDFPL�DúD÷ÕGDNL�LIDGH�LOH�YHULOLU>��@�

d

d

d r
d

dxdx

rxxx

dxI

d )1
2

(
...

2

2

...

1
222

2

2

1 +Γ
== ∫∫∫

≤+++

π
(4.20)

*DPPD�IRQNVL\RQODUÕ�DUDVÕQGDNL�

)()1( zzz Γ=+Γ (4.21)

)2()
2

1
()(2 12 zzzz Γ=+ΓΓ− π (4.22)

LQGLUJHPH� ED÷ÕQWÕODUÕQÕQ>��@� NXOODQÕOPDVÕ\OD� KHU� d-boyutu için kürenin hacmi

kolayca belirlenebilir.

%|\OHOLNOH�*DPPD� IRQNVL\RQODUÕ� \DUGÕPÕ\OD��EXOXQPDVÕ�ROGXNoD�]RU�RODQ��oRN�NDWOÕ

N�UHOHULQ�KDFPLQLQ�GH÷HULQH�oRN�NROD\OÕNOD�HULúHELOLUL]�

Bu alt bölümde d-boyutlu hiper kürenin hacmi Denklem 4.20�ED÷ÕQWÕVÕQÕQ�VD÷ÕQGDNL

integral ifadesinin Monte Carlo yöntemi ile  hesaplar ve elde edilecek sonuçlar, küre

KDFPLQLQ�JHUoHN�GH÷HUOHUL�GH�NDUúÕODúWÕUÕODFDNWÕU�

%X�HúLWOLNOHUH�J|UH��oRN�NDWOÕ�N�UHOHULQ�KDFLP�HúLWOLNOHUL�
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Tablo 4� � +LSHU�N�UHQLQ ER\XW VD\ÕVÕQD J|UH KDFLP GH÷HUOHUL

%R\XW 6D\ÕVÕ Hacim r=0.5 için hacim

2 2rπ 0.785398185

3
3

3

4
rπ

0.52359879

4
4

2

2
r

π 0.308425158

5
52

120

64
rπ

0.164493412

6
6

3

6
r

π 0.0807455182

7
73

105

16
rπ

0.0369122364

8
8

4

24
r

π 0.0158543456

9
94

945

32
rπ

0.00644240109

10
10

5

120
r

π 0.00249039498

11
115

332640

2048
rπ

0.000919972779

gibidir.

d=2�LoLQ��ùHNLO�4.22¶GHNL�JLEL�QRUPDO�ELU�GDLUH�úHNOLQGH�RODQ�KLSHU�N�UHPL]�

ùHNLO 4.22 2-boyutlu hiper-küre

d=3�LoLQ�GH�ùHNLO�4���¶GHNL�JLEL�ELU�N�UH\H�G|Q�úHFHNWLU�
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ùHNLO 4��� 'H÷LúLN DoÕODUGD ��ER\XWOX KLSHU�N�UHQLQ J|U�Q�ú�

.�UHPL]LQ� GHQNOHPVHO� ELU� LIDGHVL� EHOLUOL� YH� WDQÕPOÕ� ROGX÷X� DODQ� EHOLUOL� ROGX÷XQGDQ

0RQWH�&DUOR�UHGGHWPH�\|QWHPLQL�X\JXODPDN�LoLQ�HOYHULúOL�RODFDNWÕU��$\UÕFD�UHGGHWPH

\|QWHPLQLQ�NROD\�X\JXODQDELOLU�YH�KÕ]OÕ�FHYDS�YHUHELOHQ�ELU�\|QWHP�ROPDVÕ�QHGHQL\OH

SUREOHPLPL]H�EX�\|QWHPL�X\JXOD\DOÕP�

r=0.5¶\L� RODUDN� EHOLUOH\HOLP�� 3UREOHPLPL]� ELOJLVD\DU� DOJRULWPDPÕ]� úX

úHNLOGHGLU>(./(5@�

• gQFHOLNOH� KLSHU� N�UHPL]LQ�� LQWHJUDOLQLQ� DOÕQPDVÕ� LVWHQHQ� E|OJHGHNL� VÕQÕUODUÕ

belirlenmelidir. r=0.5�RODUDN�EHOLUOHQGL÷LQGHQ��D\UÕW�X]XQOX÷X�1 olan ve küremizi

LoLQH� DODQ� ELULP� N�S� LOH� VÕQÕUODUÕPÕ]Õ� ROXúWXUDOÕP�� 5HGGHWPH� \|QWHPLQGH�

küremizin merkezini orjinde kabul edersek, fonksiyonu da içine alan bu

VÕQÕUODQGÕUÕOPÕú�E|OJH��LQWHJUDOLQ�DOÕQPDN�LVWHQLOGL÷L�(xmin,xmax)= (-0.5,0.5)�DUDOÕ÷Õ

RODFDNWÕU�

• 7DUDQDFDN� E|OJH� EX� úHNLOGH� EHOLUOHQGLNWHQ� VRQUD� E|OJH�� (-xmin,xmax)=(-0.5,0.5)

DUDOÕ÷ÕQGD�UDVJHOH��UHWLOHQ�KHU�ER\XW�LoLQ�ELU�WDQH�xi�GH÷HUL�VHoLOLU�

• xxx d

22

2

2

1 ... +++ � GH÷HUL� KHVDSODQÕU� YH� rxxx d

222

2

2

1 ... ≤+++ � LoLQ� VD\Do� GH÷HULPL]� �

DUWWÕUÕOÕU�

• Sayaç / Toplam N�GH÷HULPL]�EL]H�LQWHJUDOL�EXOXQPDN�LVWHQHQ�DODQ�LOH�WRSODP�DODQ

DUDVÕQGDNL�RUDQÕ�YHUHFHNWLU�

'H÷LúLN�VD\ÕGD�|UQHNOHU�LoLQ�GHQHGL÷LPL]�KDFLP�KHVDEÕQGD�HOGH�HGLOHQ�ED]Õ�VRQXoODUÕ

WDEOR�KDOLQGH�HOH�DODOÕP�

Tablo 4��¶GH�J|U�OHELOHFH÷L�JLEL�������|UQHN�LoLQ�JHUoHN�LQWHJUDO�GH÷HULQGHQ�VDSPD

PLNWDUODUÕ� PXWODN� RODUDN� \DNODúÕN� D\QÕ� VHYL\HOHUGH� NDOPÕúWÕU�� %X� VRQXoODU�� 0RQWH

&DUOR�\|QWHPLQLQ�ER\XWWDQ�ED÷ÕPVÕ]�ROPDVÕQÕQ�WHPHO�ELU�VRQXFXGXU���gUQHN�VD\ÕVÕQÕQ
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VDELW� ROPDVÕ� QHGHQL\OH� LQWHJUDO� GH÷HUOHUL� GH÷LúPLú� ROVD� ELOH� JHQHO� RODUDN� PH\GDQD

JHOHQ�KDWDGD�oRN�E�\�N�ELU�GH÷LúLNOLN�ROPDPÕúWÕU�

Tablo 4� � ���� |UQHN DOÕQPDN �]HUH +LSHU�N�UHQLQ GH÷LúLN ER\XWODU LoLQ KDFLP GH÷HUOHUL

%R\XW 6D\ÕVÕ Elde Edilen Hacim 6DSPD 0LNWDUÕ ���

2 0.78512388 -0.034925

3 0.52288389 -0.136535

4 0.30810004 -0.105411

5 0.16411999 -0.227014

6 0.08020999 -0.663226

7 0.03698799 0.205247

8 0.01570000 -0.973515

9 0.00643799 -0.0683319

10 0.00250200 0.466027

11 0.00091799 -0.214451

(OGH� HGLOHQ� VRQXoODUGD� PH\GDQD� JHOHQ� GDOJDODQPDODUÕQ� QHGHQL� LVH�� UDVJHOH� VD\Õ

�UHWHFLQLQ�LGHDO�ELU�GDYUDQÕú�J|VWHUHELOPHVL�LoLQ�GDKD�oRN�VD\ÕGD�|UQHN�JHUHNPHVL�GLU�

Tablo 4� �� ��ER\XWOX +LSHU�N�UHQLQ GH÷LúLN |UQHN GH÷HUOHUL LoLQ HOGH HGLOHQ KDFLP GH÷HUOHUL

gUQHN 6D\ÕVÕ Elde Edilen Hacim 6DSPD 0LNWDUÕ ���

10 0.16900003 2.739695

50 0.16640000 1.159067

100 0.16090003 -2.184516

500 0.16537999 0.538973

1.000 0.16428997 -0.123680

5.000 0.16411999 -0.227014

10.000 0.16389994 -0.360786

Tablo 4.10¶GH�GH�ELU�|QFHNL� WDEORGDQ�IDUNOÕ�RODUDN��5-ER\XWOX�ELU�úHNOLQ� LQWHJUDOLQLQ

0RQWH�&DUOR� UHGGHWPH�\|QWHPL� LOH� GH÷LúLN�|UQHN� VD\ÕODUÕ� LoLQ� HOGH� HGLOHQ� VRQXoODUÕ

\HU� DOPDNWDGÕU�� 'R÷DO� RODUDN�� |UQHN� VD\ÕVÕ� DUWWÕNoD�� VDSPD� PLNWDUÕQGD� ELU� D]DOPD

J|U�OPHNWHGLU�� 6DSPDGD� ROXúDQ� LGHDOVL]OLNOHU� LVH�� \|QWHPLQ� X\JXODQÕúÕ� LoLQ� \HWHUOL

VD\ÕGD�|UQHN�DOÕQPDPDVÕQGDQ�YH�UDVJHOH�VD\Õ��UHWHFLPL]LQ�LGHDO�ELU�GDYUDQÕú�J|VWHULS

düzgün (uniform) GD÷ÕOÕPOÕ� ELU� � UDVJHOH� VD\Õ� �UHWHFL� JLEL� GDYUDQDPDVÕQGDQ

ND\QDNODQPDNGÕU�
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ùHNLO 4��� dRN�ER\XWOX KLSHU N�UHQLQ UHGGHWPH \|QWHPL LOH HOGH HGLOHQ LQWHJUDO GH÷HULQGHQ VDSPD
PLNWDUÕQÕQ� GH÷LúLN ER\XWODU LoLQ ER\XW�VD\ÕVÕ VDELW WXWXODUDN� DOÕQDQ |UQHN VD\ÕVÕQD J|UH

GH÷LúLPLQLQ YHUGL÷L VRQXoODU

ùHNLO� 4.24 ve ùHNLO� 4.25¶GH� ER\XW� YH\D� |UQHN� VD\ÕVÕ� VDELW� WXWXODUDN� HOGH� HGLOHQ

VRQXoODU� \HU� DOPDNWDGÕU�� %X� úHNLOOHUL� VÕUD� LQFHOHPHN� LVWHUVHN��ùHNLO�4.24¶GHQ� G�ú�N

|UQHN� VD\ÕODUÕ� LoLQ�� JHUoHN� LQWHJUDO� GH÷HULQGHQ� VDSPD� PLNWDUODUÕQÕQ� ROGXNoD� ID]OD

ROGX÷XQX� J|U�U�]�� gUQHN� VD\ÕVÕ� DUWWÕNoD� GD� VDSPD� PLNWDUODUÕ�� ER\XWWDQ� ED÷ÕPVÕ]

RODUDN��ELU�VHYL\HQLQ�DOWÕQGD�NDOPDNWDGÕU��%XQXQ�QHGHQL�GH��DOÕQDQ�D]�VD\ÕGDNL�|UQHN

JUXSODUÕ� LoLQ�� �UHWHFLPL]LQ� G�]J�Q� GD÷ÕOÕPD� VDKLS� UDVJHOH� VD\ÕODU� �UHWHPHPLVLQGHQ

ND\QDNODQPDNWDGÕU�

ùHNLO� 4.25¶GHQ� LVH�� LQWHJUDOL� DOÕQDQ� IRQNVL\RQXQ� ER\XWX� DUWWÕNoD�� D]� VD\ÕGD� |UQHN

DOÕQPDVÕ� GXUXPXQGD�� ER\XW� DUWWÕNoD� 0RQWH� &DUOR� UHGGHWPH� \|QWHPL� LOH� JHUoHN

LQWHJUDO�GH÷HUOHUL�DUDVÕQGDNL�VDSPD�PLNWDUODUÕQGD�\�NVHN�ELU�DUWÕú�J|U�OPHNWHGLU��%X�

ELU�|QFHNL�SDUDJUDIWD�DQODWÕOGÕ÷Õ�JLEL��G�ú�N�VD\ÕGD�|UQHN�JUXSODUÕ� LoLQ�� UDVJHOH� VD\Õ

�UHWHFLPL]LQ� LGHDO� ELU� VD\Õ� �UHWHFL� JLEL� GDYUDQDPDPDVÕQGDQ� ND\QDNODQPDNWDGÕU�� %X

GH]DYDQWDM�GD��\�NVHN�VD\ÕGD�|UQHN�JUXSODUÕ�DOÕQGÕ÷ÕQGD�QLVSHWHQ�RUWDGDQ�NDONPÕúWÕU�

<�NVHN� VD\ÕOÕ� |UQHN� JUXSODUÕ� LoLQ� PH\GDQD� JHOHQ� VDSPD� PLNWDUÕ� úHNLOGHQ� GH

J|U�OHELOHFH÷L�JLEL�KHS�ELU�VHYL\HQLQ�DOWÕQGD�NDOPÕúWÕU�
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ùHNLO 4��� dRN�ER\XWOX KLSHU N�UHQLQ UHGGHWPH \|QWHPL LOH HOGH HGLOHQ LQWHJUDO GH÷HULQGHQ VDSPD
PLNWDUÕQÕQ� GH÷LúLN |UQHN VD\ÕODUÕ LoLQ� ER\XW�VD\ÕVÕQD J|UH GH÷LúLPLQLQ YHUGL÷L VRQXoODU

%X�KHVDSODPDODUGDQ�HOGH�HGLOHQ�VRQXoODUGDQ�GD�DQODúÕODELOHFH÷L��]HUH��0RQWH�&DUOR

\|QWHPL�ER\XWD�ED÷ÕPOÕ�ROPD\DQ�ELU�\|QWHPGLU��)DNDW�LGHDO�ELU�UDVJHOH�VD\Õ��UHWHFLQH

LKWL\Do� GX\DU�� ø\L� VRQXoODU� HOGH� HGHELOPHN� LoLQ�� �UHWHFLQ� LGHDO� GDYUDQGÕ÷Õ�PLNWDUGD

örnek almak gerekmektedir.

5HGGHWPH�\|QWHPLQGH�LQWHJUDOL�DOÕQDN�IRQNVL\RQXQ�\DNODúÕN�ELU�PDWHPDWLNVHO�LIDGHVL

JHUHNWL÷LQGHQ� YH� LQWHJUDOL� DOÕQDFDN� KDFPLQ� VÕQÕUODUÕQÕQ� L\L� EHOLUOHQPHVL

]RUXQOXOX÷XQGDQ�KHU�SUREOHP�LoLQ�X\JXQ�ELU�\|QWHP�GH÷LOGLU�
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5. 6218d/$5�9(�7$57,ù0$

0RQWH� &DUOR� \|QWHPL�� NLP\DGDQ� WHUPRGLQDPL÷H� YH� DWRP� IL]L÷LQH� NDGDU� SHN� oRN

DODQGD�EDúDUÕ�X\JXODQDQ�YH�ROGXNoD�L\L�VRQXoODU�HOGH�HGLOHQ�ELU�\DNODúÕP�YH�WHNQLNWLU�

%X�\|QWHP�LOH�LOJLOL��oHúLWOL�DODQODUGD�SHN�oRN�OLWHUDW�U�ROXúPXúWXU�

%X� WH]LQ� \DSÕOPDVÕQGDNL� DPDo�� HOHNWURPDQ\HWLN� SUREOHPOHUGH� ER\XWX� DUWWÕNoD

o|]�OPHVL� J�oOHúHQ� YH� ROGXNoD� KÕ]OÕ� GH÷LúHQ� NDUPDúÕN� LQWHJUDOOHUH� YH� LQWHJUDO

GH÷HULQLQ� EXOXQPDVÕ� JHUHNHQ� DPD� WDP� RODUDN� GHWHUPLQLVWLN� ELU� LIDGHVL

EXOXQDPDGÕ÷ÕQGDQ�� VDGHFH� RODVÕOÕNVDO� RODUDN� LIDGH� HGLOHELOHQ� IRQNVL\RQODUÕQ

o|]�P�QGH�0RQWH� &DUOR� LQWHJUDO� DOPD� \|QWHPLQLQ� X\JXODQDELOLU� ROXS� ROPDGÕ÷ÕQÕQ

DUDúWÕUÕOPDN�LVWHQPHVLGLU�

Öncelikle, yöntemimizi uygulayabilmemiz ve daha iyi anlayabilmemiz için

RODVÕOÕNVDO� NDYUDPODU� �]HULQGH� GXUXOPDVÕ� JHUHNPHNWHGLU�� %X� QHGHQOH�� RUWDODPD�

YDU\DQV� YH�0RQWH� &DUOR� \|QWHPLQLQ� WHPHOLQL� ROXúWXUDQ�PHUNH]L� OLPLW� WHRUHPLQGHQ

EDKVHGLOPLú�YH�\|QWHPLQ�WHPHOLQLQ�GD\DQGÕ÷Õ�PDQWÕN�DoÕNODQPÕúWÕU�

$QODúÕOPDVÕQÕQ�NROD\OÕ÷Õ�DoÕVÕQGDQ��0RQWH�&DUOR� LQWHJUDO� DOPD� \|QWHPOHUL��EDVLW�ELU

LQWHJUDO� GHQNOHPLQH� X\JXODQPÕú� YH� VRQXoODUÕ� \RUXPODQPÕúWÕU�� dDOÕúPDQÕQ� LOHUOH\HQ

bölümlerinde ise, analitik integral alma yöntemlerinin hata büyüklükleri ve

\|QWHPLPL]GH�PH\GDQD�JHOHQ�KDWD�E�\�NO�NOHUL�LUGHOHQPLúWLU�

Buradan elde edilen sonuçlardan, Monte Carlo integral alma yönteminin ancak

LQWHJUDO� ER\XWXQXQ� ��� GHUHFHGHQ� E�\�N� RODQ� LQWHJDOOHU� LoLQ� DYDQWDMOÕ� VRQXoODU

YHUHELOHFH÷L�YH� VD\ÕVDO� WHNQLNOHUH� J|UH�KDVVDVL\HWL� GDKD�G�ú�N�ROGX÷X� DQODúÕOPÕúWÕU�

%HOLUOL� ELU� úHNLOGH� IRUP�OOH� LIDGH� HGLOHELOHQ� YH� ER\X� VD\ÕVÕ� D]� RODQ� LQWHJUDOOHU� LoLQ

YHULPL�ROGXNoD�G�ú�NW�U�

Maalesef  ki, ilgilenilen elektromanyetik problemlerdeki integrallere bu yöntemin

X\JXODQPDVÕ� SHN� DYDQWDMOÕ� RODPD\DFD÷Õ� oRN� DoÕNWÕU�� %X� QHGHQOH� LQWHJUDO� o|]�POHUL

\HULQH�� 0RQWH� &DUOR� \|QWHPLQLQ� YH� \DNODúÕPÕQÕQ� HOHNWURPDQ\HWLN� SUREOHPOHUH� QH
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úHNLOGH� X\JXODQGÕ÷Õ� DUDúWÕUÕODUDN�� \|QWHPLQ� RODVÕOÕNVDO� YH� GR÷DGDNL� ROD\ODUÕQ

LQFHOHQPHVLQGH�QH�NDGDU�YHULPOL�ROGX÷XQGDQ�EDKVHGLOPLúWLU��0RQWH�&DUOR�\DNODúÕPÕ

LOH� WHNUDU� HGLOHUHN� RUWDODPDVÕ� DOÕQDQ� SUREOHPOHULQ� VRQXoODUÕQÕQ�� JHUoHN� GH÷HUOHUOH

ROGXNoD�|UW�ú�U�ELU�úHNLOGH�oÕNWÕ÷Õ�J|U�OP�úW�U�

%X�\|QWHP�|]HOOLNOH��HOHNWURPDQ\HWLNWH��RUWDP�SDUDPHWUHOHULQLQ� UDVJHOH�GH÷LúLPLQLQ

FDQODQGÕUÕOPDVÕ��VDoÕOPDQÕQ�PH\GDQD�JHOHFH÷L� UDVJHOH�\�]H\OHULQ��UHWLOPHVL�� UDVJHOH

VÕQÕUODUÕQ� EHOLUOHQPHVL� YH� ELU� VLVWHPLQ� JHQHO� SHUIRUPDQVÕQÕQ� EHOLUOHQPHVLQGHNL

KHVDSODPDODUGD�\R÷XQ�RODUDN�NXOODQÕODQPDNWDGÕU�

0RQWH� &DUOR� WHNQL÷L� RODVÕOÕNVDO� WHPHOOL� ELU� \|QWHP� ROGX÷XQGDQ� GROD\Õ�� oRN� ID]OD

KHVDED� YH� UDVJHOH� RUWDPODUÕ� PRGHOOH\HELOHFHN� VD\Õ\D� LKWL\Do� GX\PDNWDGÕU�� %XQXQ

LoLQGH�J�oO��ELOJLVD\DUODUD�YH�LGHDO�UDVJHOH�VD\Õ��UHWHoOHULQH��LKWL\Do�GX\XOPDNWDGÕU�

*�Q�P�]GH�� ELOJLVD\DUODUÕQ� KÕ]ODQPDVÕ� LOH� RODVÕOÕNVDO� WHPHOOL� UDVJHOH� LúOHPOHULQ

çözümünde verimli bir yöntem haline gelmektedir.

0RQWH�&DUOR�WHNQL÷L��EDVLW�LúOHPOHUH�YH�oRN�ER\XWOX�LQWHJUDOOHUH�X\JXODQDQ��EHNOHQHQ

GH÷HUOHULQ�WDKPLQ�HGLOPHVLQGH�HWNLOL�YH�JHUHNOL�ELU�WHNQLNWLU��%X�WHNQLN��oRN�ER\XWOX

LQWHJUDOOHU� LoLQ�� DQDOLWLN� IRUP�OOHUGHQ� GDKD� YHULPOL� ELU� WHNQLNWLU�� $\UÕFD�� |]HO

SUREOHPOHUH� RODVÕOÕNVDO� RODUDN� UDKDWOÕNOD� DGDSWH� HGLOHELOLU� YH� EHOLUOL� LQWHJUDV\RQ

IRUP�OOHULQLQ�ROPDGÕ÷Õ��VWDQGDUW�DQDOLWLN�WHNQLNOHUOH�o|]�OPHVL�YHULPVL]�RODFDN���oRN

NDUPDúÕN�SUREOHPOHUH�UDKDWOÕNOD�X\JXODQDELOLUGLU�
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EKLER

C**********************************************************
C   ADI      : PIR.FOR                                    *
C   AMAC     : MONTE CARLO INTEGRALI UZERINDE             *
C                   DENEMELER YAPMAK                      *
C   YONTEM   : REJECTION YONTEMI  (HIT & MISS)            *
C   YAZAN    : DILARA TAVUKCU                             *
C   TARIH    : ARALIK 1998                                *
C   GUNCELLEME   : NISAN  1999                            *
C**********************************************************
      INTEGER   SAYAC
      INTEGER   N(11),M,S,K,L,J,O
      REAL      X,Y,PI,PIG,TOPPI
C
C*************************
C     GERCEK PI DEGERI   *
C*************************
      PARAMETER (PIG = 3.1415927)
C
C**********************************
C     CEVRIM DEGERLERI GIRILIYOR  *
C**********************************
C*********************************************
C  KAC TANE FARKLI ORNEK SAYISI SECILECEK    *
C*********************************************
      WRITE(*,*) 'KAC FARKLI ORNEK SAYISI SECILECEK, M=?(MAX=11)'
      READ(*,*) M
C
C*********************************************
C         i. ORNEK SAYISI ALINIYOR           *
C*********************************************
      DO L=1,M
      WRITE(*,*) L,'. ORNEK SAYISINI GIRINIZ '
      READ(*,*) N(L)
      END DO
C
C      WRITE(*,*) 'KAC DENEME GRUBU TEKRARI YAPILACAK, K=?'
C      READ(*,*) K
C*********************************************************
C  VERILEN HER ORNEK SAYISI ICIN 100 TEKRAR YAPILACAK    *
C      MONTE CARLO YONTEMINDE BU SAYI 50, 100 GIBI       *
C                   DEGERLER ALABILIR.                   *
C     (MINIMUM SECÝLEBÝLECEK DEGERI 30'DUR)          *
C*********************************************************
      K = 100
C
C**********************************************************
C        i. GIRILAN SAYIDA URETILECEK ORNEKLERIN          *
C KOYULACAGI OUT DOSYALARI ACILIYOR             *
C**********************************************************
      OPEN(UNIT=11,FILE='PIR1.DAT')
      OPEN(UNIT=12,FILE='PIR2.DAT')
      OPEN(UNIT=13,FILE='PIR3.DAT')
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      OPEN(UNIT=14,FILE='PIR4.DAT')
      OPEN(UNIT=15,FILE='PIR5.DAT')
      OPEN(UNIT=16,FILE='PIR6.DAT')
      OPEN(UNIT=17,FILE='PIR7.DAT')
      OPEN(UNIT=18,FILE='PIR8.DAT')
      OPEN(UNIT=19,FILE='PIR9.DAT')
      OPEN(UNIT=20,FILE='PIR10.DAT')
      OPEN(UNIT=21,FILE='PIR11.DAT')
C
C**************************************************************
C        TUM FARKLI ORNEK SAYILI GRUPLARIN ULASTIKLARI   *
C INTEGRAL DEGERLERININ TOPLANDIGI OUT DOSYASI ACILIYOR   *
C**************************************************************
      OPEN(UNIT=30,FILE='SONR.DAT')
C
C**********************************
C       CEVRIMLER BASLIYOR     *
C CEVRIM SAYACLARI SIFIRLANIYOR   *
C**********************************
      DO S=1,M

      TOPPI = 0.
C

DO L = 1,K
            SAYAC = 0
          PI    = 0.
C
                  DO J = 1,N(S)
C
C**************************************************
C       RASGELE SAYILAR URETILIYOR    *
C**************************************************
                  X=RAN2(-100) 
                        Y=RAN2(-100)
C
C******************************************************************
C           INTEGRALI ALINAN BOLGENIN ICINDE OLAN NOKTALAR KABUL, *
C DISINDA OLANLAR  DEGERLER REDDEDILIYOR     *
C******************************************************************
                        IF(X**2 + Y**2 .LE. 1.0) SAYAC = SAYAC + 1
                  ENDDO
C
C******************************************************************
C           TOPLAM NOKTA SAYISI ILE KABUL EDILEN NOKTA *
C SAYISININ ORANI BULUNUYOR *
C******************************************************************
                  PI=4. * REAL(SAYAC) / REAL(N(S))
C
C****************************************************************
C       ELDE EDILEN DEGERLER ILGILI DOSYALARA YAZILIYOR     *
C****************************************************************
                  IF(S.EQ.1)WRITE(11,*) L,PI,PI-PIG
                  IF(S.EQ.2)WRITE(12,*) L,PI,PI-PIG
                  IF(S.EQ.3)WRITE(13,*) L,PI,PI-PIG
                  IF(S.EQ.4)WRITE(14,*) L,PI,PI-PIG
                  IF(S.EQ.5)WRITE(15,*) L,PI,PI-PIG
                  IF(S.EQ.6)WRITE(16,*) L,PI,PI-PIG
                  IF(S.EQ.7)WRITE(17,*) L,PI,PI-PIG
                  IF(S.EQ.8)WRITE(18,*) L,PI,PI-PIG
                  IF(S.EQ.9)WRITE(19,*) L,PI,PI-PIG
                  IF(S.EQ.10)WRITE(20,*) L,PI,PI-PIG
                  IF(S.EQ.11)WRITE(21,*) L,PI,PI-PIG
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C
C***********************************************************************
C   SON DOSYAYA ISLENMEK UZERE ELDE EDILEN TUM PI DEGERLERI TUTULUYOR  *
C***********************************************************************
                  TOPPI = PI + TOPPI
C
C
C************************************************************
C         TEK ADIMDA ELDE EDILEN INTEGRAL DEGERI ICIN *
C GRUBUN ORTALARINDAN BIR DEGER SECILIYOR *
C************************************************************
                  O = 1
                  IF(L.EQ.60) THEN
                  WRITE(*,55) N(S),O, PI

                  WRITE(30,55) N(S),O, PI
                    WRITE(*,56) N(S),PI-PIG, 100.*(PI-PIG)/PIG
                     WRITE(30,56) N(S),PI-PIG, 100.*(PI-PIG)/PIG
                  END IF
C
C******************************************
C         MONTE CARLO CEVRIMI BITIYOR *
C******************************************
            ENDDO
C
          TOPPI = TOPPI/REAL(K)
C
C************************************************************
C MONTE CARLO REDDETME YONTEMI ILE BULUNAN PI DEGERI *
C    DOSYALARA YAZILIYOR *
C GERCEK PI DEGERINDEN % OLARAK SAPMASI BULUNUYOR *
C************************************************************
         WRITE(30,55) N(S), K, TOPPI
       WRITE(*,55) N(S), K, TOPPI
       WRITE(30,56) N(S), TOPPI-PIG, 100.*(TOPPI-PIG)/PIG
         WRITE(*,56) N(S), TOPPI-PIG, 100.*(TOPPI-PIG)/PIG
55    FORMAT(I8, ' DENEMENIN ',I4,' KEZ TEKRARI SONUCUNDA PI = ', F11.8)
56    FORMAT(I8,' DENEME SONUCUNDA ELDE EDILEN PI DEGERINDEN SAPMASI
',F11.8,' BUNUN DEGERI %',F11.8)
C
      ENDDO
C
C************************************
C      OUT DOSYALARI KAPATILIYOR *
C************************************
      CLOSE(11)
      CLOSE(12)
      CLOSE(13)
      CLOSE(14)
      CLOSE(15)
      CLOSE(16)
      CLOSE(17)
      CLOSE(18)
      CLOSE(19)
      CLOSE(20)
      CLOSE(21)
C
      CLOSE(30)
C
      STOP
      END
C
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C******************************************************************
C     (0,1) ARASINDA DUZGUN DAGILIMLI RASGELE SAYI URETECI *
C******************************************************************
C******************************************************************
      REAL FUNCTION RAN2(IDUM)
      PARAMETER (M=714025,IA=1366,IC=150889,RM=1.4005112E-6)
      DATA IFF /0/
      COMMON/DENE/IY,IR(97)
C      WRITE(*,*) IFF
      IF(IDUM.LT.0.OR.IFF.EQ.0)THEN
        IFF=1
        IDUM=MOD(IC-IDUM,M)
        DO 11 J=1,97
          IDUM=MOD(IA*IDUM+IC,M)
          IR(J)=IDUM
11      CONTINUE
        IDUM=MOD(IA*IDUM+IC,M)
        IY=IDUM
      ENDIF
C      WRITE(*,*) IY
      J=1+(97*IY)/M
      IF(J.GT.97.OR.J.LT.1)PAUSE
      IY=IR(J)
      RAN2=IY*RM
      IDUM=MOD(IA*IDUM+IC,M)
      IR(J)=IDUM
      RETURN
      END
C***************
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C**********************************************************
C   ADI      : PIA.FOR                                    *
C   AMAC     : MONTE CARLO INTEGRALI UZERINDE             *
C                       DENEMELER YAPMAK                  *
C   YONTEM   : AVERAGING YONTEMI                          *
C   YAZAN    : DILARA TAVUKCU                             *
C   TARIH    : OCAK 1999                                  *
C**********************************************************
      INTEGER   SAYAC
      INTEGER   N(11),K,L,J,M,O
      REAL      X,Y,PI,PIG,TOPPI,INTEG
      PARAMETER(PIG=3.1415927)
C
C*************************
C     GERCEK PI DEGERI   *
C*************************
      PARAMETER (PIG = 3.1415927)
C
C**********************************
C     CEVRIM DEGERLERI GIRILIYOR  *
C**********************************
C*******************************************
C  KAC TANE FARKLI ORNEK SAYISI SECILECEK  *
C*******************************************
      WRITE(*,*) 'KAC FARKLI ORNEK SAYISI SECILECEK M=?(MAX=11)'
      READ(*,*) M
C
      DO L=1,M
       WRITE(*,*) L,'. ORNEK SAYISINI GIRINIZ'
       READ(*,*) N(L)
      END DO
C
C      WRITE(*,*) 'KAC DENEME GRUBU TEKRARI YAPILACAK, K=?'
C      READ(*,*) K
C*********************************************************
C  VERILEN HER ORNEK SAYISI ICIN 100 TEKRAR YAPILACAK    *
C      MONTE CARLO YONTEMINDE BU SAYI 50, 100 GIBI       *
C                   DEGERLER ALABILIR.                   *
C     (MINIMUM SECÝLEBÝLECEK DEGERI 30'DUR)          *
C*********************************************************
      K = 100
C
C**********************************************************
C        i. GIRILAN SAYIDA URETILECEK ORNEKLERIN          *
C KOYULACAGI OUT DOSYALARI ACILIYOR             *
C**********************************************************
      OPEN(UNIT=11,FILE='PIA1.DAT')
      OPEN(UNIT=12,FILE='PIA2.DAT')
      OPEN(UNIT=13,FILE='PIA3.DAT')
      OPEN(UNIT=14,FILE='PIA4.DAT')
      OPEN(UNIT=15,FILE='PIA5.DAT')
      OPEN(UNIT=16,FILE='PIA6.DAT')
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      OPEN(UNIT=17,FILE='PIA7.DAT')
      OPEN(UNIT=18,FILE='PIA8.DAT')
      OPEN(UNIT=19,FILE='PIA9.DAT')
      OPEN(UNIT=20,FILE='PIA10.DAT')
      OPEN(UNIT=21,FILE='PIA11.DAT')
C
C**************************************************************
C        TUM FARKLI ORNEK SAYILI GRUPLARIN ULASTIKLARI   *
C INTEGRAL DEGERLERININ TOPLANDIGI OUT DOSYASI ACILIYOR   *
C**************************************************************
      OPEN(UNIT=30,FILE='SONA.DAT')
C
C**********************************
C       CEVRIMLER BASLIYOR     *
C CEVRIM SAYACLARI SIFIRLANIYOR   *
C**********************************
    DO S=1,M
     TOPPI   = 0.
C

DO L = 1,K
      INTEG = 0.
        PI    = 0.
C
          DO J = 1,N(S)
C
C**********************************************
C  X-EKSENINDE RASGELE BIR SAYI SECILIYOR     *
C**********************************************

X=RAN2(-100)
C
C************************************************************
C  BU SECILEN X-DEGERINDE FONKSIYONUN DEGERI HESAPLANIYOR   *
C INTEGRAL DEGERI ELDE EDILEN DEGER * ARALIK'TIR *
C    ILGILENDIGIMIZ ARALIKTA (B-A)=(1-0)=1'DIR *
C I = Y*(B-A) = Y *
C************************************************************

Y=SQRT(1-(X*X))
C
C************************************************************
C  INTEGRAL DEGERI ORTALAMASI ALINMAK UZERE TOPLANIYOR      *
C************************************************************

INTEG=INTEG + Y
           ENDDO
C
C************************************************************
C  SECILEN RASGELE X-DEGERLERINDEKI FONKSIYONUN ALDIGI *
C DEGERLERIN ORTALAMASI ALINIYOR *
C************************************************************
                PI=4. * INTEG / REAL(N(S))
C
C****************************************************************
C       ELDE EDILEN DEGERLER ILGILI DOSYALARA YAZILIYOR     *
C****************************************************************
                IF(S.EQ.1) WRITE(11,*) L, PI, PI-PIG
                IF(S.EQ.2) WRITE(12,*) L, PI, PI-PIG
                IF(S.EQ.3) WRITE(13,*) L, PI, PI-PIG
                IF(S.EQ.4) WRITE(14,*) L, PI, PI-PIG
                IF(S.EQ.5) WRITE(15,*) L, PI, PI-PIG
                IF(S.EQ.6) WRITE(16,*) L, PI, PI-PIG
                IF(S.EQ.7) WRITE(17,*) L, PI, PI-PIG
                IF(S.EQ.8) WRITE(18,*) L, PI, PI-PIG
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                IF(S.EQ.9) WRITE(19,*) L, PI, PI-PIG
                IF(S.EQ.10) WRITE(20,*) L, PI, PI-PIG
                IF(S.EQ.11) WRITE(21,*) L, PI, PI-PIG
C
C******************************************************
C   SON DOSYAYA ISLENMEK UZERE ELDE EDILEN TUM PI *
C DEGERLERININ ORTALAMASI TUTULUYOR   *
C******************************************************
                TOPPI = PI + TOPPI
C
C************************************************************
C         TEK ADIMDA ELDE EDILEN INTEGRAL DEGERI ICIN *
C GRUBUN ORTALARINDAN BIR DEGER SECILIYOR *
C************************************************************
                O = 1
                IF(L.EQ.60)THEN
                 WRITE(*,55) N(S),O,PI
                 WRITE(30,55) N(S),O,PI
                 WRITE(*,56) N(S), PI-PIG, 100.*(PI-PIG)/PIG
                 WRITE(30,56) N(S), PI-PIG, 100.*(PI-PIG)/PIG
                END IF
C
C******************************************
C         MONTE CARLO CEVRIMI BITIYOR *
C******************************************
                ENDDO
C
          TOPPI = TOPPI/REAL(K)
C
C************************************************************
C MONTE CARLO REDDETME YONTEMI ILE BULUNAN PI DEGERI *
C    DOSYALARA YAZILIYOR *
C GERCEK PI DEGERINDEN % OLARAK SAPMASI BULUNUYOR *
C************************************************************
         WRITE(30,55) N(S), K, TOPPI
       WRITE(*,55) N(S), K, TOPPI
       WRITE(30,56) N(S), TOPPI-PIG, 100.*(TOPPI-PIG)/PIG
         WRITE(*,56) N(S), TOPPI-PIG, 100.*(TOPPI-PIG)/PIG
55    FORMAT(I8, ' DENEMENIN ',I4,' KEZ TEKRARI SONUCUNDA PI = ', F11.8)
56    FORMAT(I8,' DENEME SONUCUNDA ELDE EDILEN PI DEGERINDEN SAPMASI
',F11.8,' BUNUN DEGERI %',F11.8)
C
      ENDDO
C
C************************************
C      OUT DOSYALARI KAPATILIYOR *
C************************************
        CLOSE(11)
        CLOSE(12)
        CLOSE(13)
        CLOSE(14)
        CLOSE(15)
        CLOSE(16)
        CLOSE(17)
        CLOSE(18)
        CLOSE(19)
        CLOSE(20)
        CLOSE(21)
C
        CLOSE(30)
C
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        STOP
  END

C
C******************************************************************
C     (0,1) ARASINDA DUZGUN DAGILIMLI RASGELE SAYI URETECI *
C******************************************************************
C******************************************************************
      REAL FUNCTION RAN2(IDUM)
      PARAMETER (M=714025,IA=1366,IC=150889,RM=1.4005112E-6)
      DATA IFF /0/
      COMMON/DENE/IY,IR(97)
C      WRITE(*,*) IFF
      IF(IDUM.LT.0.OR.IFF.EQ.0)THEN
        IFF=1
        IDUM=MOD(IC-IDUM,M)
        DO 11 J=1,97
          IDUM=MOD(IA*IDUM+IC,M)
          IR(J)=IDUM
11      CONTINUE
        IDUM=MOD(IA*IDUM+IC,M)
        IY=IDUM
      ENDIF
C      WRITE(*,*) IY
      J=1+(97*IY)/M
      IF(J.GT.97.OR.J.LT.1)PAUSE
      IY=IR(J)
      RAN2=IY*RM
      IDUM=MOD(IA*IDUM+IC,M)
      IR(J)=IDUM
      RETURN
      END
C***************
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C**********************************************************
C   ADI      : PIC.FOR                                    *
C   AMAC     : MONTE CARLO INTEGRALI UZERINDE             *
C                  DENEMELER YAPMAK                 *
C   YONTEM   : CONTROL VARIATES YONTEMI                   *
C   YAZAN    : DILARA TAVUKCU                             *
C   TARIH    : OCAK 1999                                  *
C   GUNCELLEME  : NISAN 1999                              *
C**********************************************************
      INTEGER   SAYAC
      INTEGER   N(11),K,L,J,M,O
      REAL      X,Y,PI,PIG,TOPPI,INTEG,H
C
C*************************
C     GERCEK PI DEGERI   *
C*************************
      PARAMETER (PIG = 3.1415927)
C
C************************************************
C    BU PROGRAMDA KONTROL FONKSIYONU OLARAK *
C     (1-X^3) FONKSIYONU KULLANILMISTIR       *
C******************************************************
C  BU FONKSIYONUN (0,1) ARTALIGINDA INTEGRALI   *
C               3./4. = 0.75 'TIR.              *
C INTEGRAL = (F(X)-H(X))(B-A) + IH              *
C************************************************************
C  F(X): INTEGRALI BULUNMAK ISTENEN FONKSIYONUN *
C X NOKTASINDAKI DEGERI          *
C *
C  H(X): INTEGRAL DEGERI BILINEN KONTROL FONKSIYONUNUN *
C X NOKTASINDAKI DEGERI  *
C *
C  IH  : KONTROL FONKSIYONUN (A,B) ARALIGINDAKI INTEGRALI   *
C************************************************************
C
C**********************************
C     CEVRIM DEGERLERI GIRILIYOR  *
C**********************************
C*******************************************
C  KAC TANE FARKLI ORNEK SAYISI SECILECEK  *
C*******************************************
      WRITE(*,*) 'KAC FARKLI ORNEK SAYISI SECILECEK M=?(MAX=11)'
      READ(*,*) M
C
C*********************************************
C         i. ORNEK SAYISI ALINIYOR           *
C*********************************************
      DO L=1,M
       WRITE(*,*) L,'. ORNEK SAYISINI GIRINIZ'
       READ(*,*) N(L)
      END DO
C
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C      WRITE(*,*) 'KAC DENEME GRUBU TEKRARI YAPILACAK, K=?'
C      READ(*,*) K
C*********************************************************
C  VERILEN HER ORNEK SAYISI ICIN 100 TEKRAR YAPILACAK    *
C      MONTE CARLO YONTEMINDE BU SAYI 50, 100 GIBI       *
C                   DEGERLER ALABILIR.                   *
C     (MINIMUM SECÝLEBÝLECEK DEGERI 30'DUR)          *
C*********************************************************
      K = 100
C
C**********************************************************
C        i. GIRILAN SAYIDA URETILECEK ORNEKLERIN          *
C KOYULACAGI OUT DOSYALARI ACILIYOR             *
C**********************************************************
      OPEN(UNIT=11,FILE='PIC1.DAT')
      OPEN(UNIT=12,FILE='PIC2.DAT')
      OPEN(UNIT=13,FILE='PIC3.DAT')
      OPEN(UNIT=14,FILE='PIC4.DAT')
      OPEN(UNIT=15,FILE='PIC5.DAT')
      OPEN(UNIT=16,FILE='PIC6.DAT')
      OPEN(UNIT=17,FILE='PIC7.DAT')
      OPEN(UNIT=18,FILE='PIC8.DAT')
      OPEN(UNIT=19,FILE='PIC9.DAT')
      OPEN(UNIT=20,FILE='PIC10.DAT')
      OPEN(UNIT=21,FILE='PIC11.DAT')
C
C**************************************************************
C        TUM FARKLI ORNEK SAYILI GRUPLARIN ULASTIKLARI   *
C INTEGRAL DEGERLERININ TOPLANDIGI OUT DOSYASI ACILIYOR   *
C**************************************************************
      OPEN(UNIT=30,FILE='SONC.DAT')
C
C**********************************
C       CEVRIMLER BASLIYOR     *
C CEVRIM SAYACLARI SIFIRLANIYOR   *
C**********************************
    DO S=1,M
      TOPPI   = 0.
C

DO L = 1,K
            INTEG = 0.
                  PI    = 0.
C
                  DO J = 1,N(S)
C
C**********************************************
C  X-EKSENINDE RASGELE BIR SAYI SECILIYOR     *
C**********************************************

X=RAN2(-100)
C
C************************************************************
C  BU SECILEN X-DEGERINDE FONKSIYONUN VE YARDIMCI *
C FONKSIYONUN DEGERI HESAPLANIYOR   *
C  YARDIMCI FONKSIYONUN (0,1) ARTALIGINDA INTEGRALI   *
C                3./4. = 0.75 'TIR.              *
C INTEGRAL = (F(X)-H(X))(B-A) + IH              *
C************************************************************
                            Y=SQRT(1-(X*X))
                          H=1-(X*X*X)
C
C************************************************************
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C  INTEGRAL DEGERI ORTALAMASI ALINMAK UZERE TOPLANIYOR      *
C************************************************************
C                         INTEGRAL=(Y-H)*(B-A)+IH
                         INTEG=INTEG + (Y-H) + 0.75
C
C******************************************
C         MONTE CARLO CEVRIMI BITIYOR *
C******************************************
                        ENDDO
C

                  PI=4. * INTEG / REAL(N(S))
C
C****************************************************************
C       ELDE EDILEN DEGERLER ILGILI DOSYALARA YAZILIYOR     *
C****************************************************************
                IF(S.EQ.1) WRITE(11,*) L, PI, PI-PIG
                IF(S.EQ.2) WRITE(12,*) L, PI, PI-PIG
                    IF(S.EQ.3) WRITE(13,*) L, PI, PI-PIG
                IF(S.EQ.4) WRITE(14,*) L, PI, PI-PIG
                IF(S.EQ.5) WRITE(15,*) L, PI, PI-PIG

            IF(S.EQ.6) WRITE(16,*) L, PI, PI-PIG
                  IF(S.EQ.7) WRITE(17,*) L, PI, PI-PIG

                  IF(S.EQ.8) WRITE(18,*) L, PI, PI-PIG
                    IF(S.EQ.9) WRITE(19,*) L, PI, PI-PIG
                IF(S.EQ.10) WRITE(20,*) L, PI, PI-PIG
                IF(S.EQ.11) WRITE(21,*) L, PI, PI-PIG
C
C******************************************************
C   SON DOSYAYA ISLENMEK UZERE ELDE EDILEN TUM PI *
C DEGERLERININ ORTALAMASI TUTULUYOR   *
C******************************************************
                TOPPI = PI + TOPPI
C
C************************************************************
C         TEK ADIMDA ELDE EDILEN INTEGRAL DEGERI ICIN *
C GRUBUN ORTALARINDAN BIR DEGER SECILIYOR *
C************************************************************
                O = 1
                IF(L.EQ.60)THEN
                 WRITE(*,55) N(S),O,PI
                 WRITE(30,55) N(S),O,PI
                 WRITE(*,56) N(S), PI-PIG, 100.*(PI-PIG)/PIG
                 WRITE(30,56) N(S), PI-PIG, 100.*(PI-PIG)/PIG
                END IF
C
C******************************************
C         MONTE CARLO CEVRIMI BITIYOR *
C******************************************
      ENDDO
C
C************************************************************
C MONTE CARLO REDDETME YONTEMI ILE BULUNAN PI DEGERI *
C    DOSYALARA YAZILIYOR *
C GERCEK PI DEGERINDEN % OLARAK SAPMASI BULUNUYOR *
C************************************************************
         WRITE(30,55) N(S), K, TOPPI
       WRITE(*,55) N(S), K, TOPPI
       WRITE(30,56) N(S), TOPPI-PIG, 100.*(TOPPI-PIG)/PIG
         WRITE(*,56) N(S), TOPPI-PIG, 100.*(TOPPI-PIG)/PIG
55    FORMAT(I8, ' DENEMENIN ',I4,' KEZ TEKRARI SONUCUNDA PI = ', F11.8)
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56    FORMAT(I8,' DENEME SONUCUNDA ELDE EDILEN PI DEGERINDEN SAPMASI
',F11.8,' BUNUN DEGERI %',F11.8)
C
   END DO
C
C************************************
C      OUT DOSYALARI KAPATILIYOR *
C************************************

CLOSE(11)
      CLOSE(12)
      CLOSE(13)
      CLOSE(14)
      CLOSE(15)
      CLOSE(16)
      CLOSE(17)
      CLOSE(18)
      CLOSE(19)
      CLOSE(20)
      CLOSE(21)
C
      CLOSE(30)
C
      STOP

END
C
C******************************************************************
C     (0,1) ARASINDA DUZGUN DAGILIMLI RASGELE SAYI URETECI *
C******************************************************************
C******************************************************************
      REAL FUNCTION RAN2(IDUM)
      PARAMETER (M=714025,IA=1366,IC=150889,RM=1.4005112E-6)
      DATA IFF /0/
      COMMON/DENE/IY,IR(97)
C      WRITE(*,*) IFF
      IF(IDUM.LT.0.OR.IFF.EQ.0)THEN
        IFF=1
        IDUM=MOD(IC-IDUM,M)
        DO 11 J=1,97
          IDUM=MOD(IA*IDUM+IC,M)
          IR(J)=IDUM
11      CONTINUE
        IDUM=MOD(IA*IDUM+IC,M)
        IY=IDUM
      ENDIF
C      WRITE(*,*) IY
      J=1+(97*IY)/M
      IF(J.GT.97.OR.J.LT.1)PAUSE
      IY=IR(J)
      RAN2=IY*RM
      IDUM=MOD(IA*IDUM+IC,M)
      IR(J)=IDUM
      RETURN
      END
C***************
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C**********************************************************
C   ADI      : PII.FOR                                    *
C   AMAC     : MONTE CARLO INTEGRALI UZERINDE             *
C                       DENEMELER YAPMAK                  *
C   YONTEM   : IMPORTANCE SAMPLING YONTEMI                *
C   YAZAN    : DILARA TAVUKCU                             *
C   TARIH    : MAYIS 1999                                 *
C**********************************************************
      INTEGER   SAYAC
      INTEGER   N(11),K,L,J,M,O
      REAL      X,Y,PI,PIG,TOPPI,INTEG,P,PSI,E
C
C***********************************
C     GERCEK PARAMETRE DEGERLERI   *
C***********************************
      PARAMETER(PIG=3.1415927, E=2.713)
C
C*****************************************************
C   BU PROGRAMDA OLASILIK YARDIMCI FONKSIYON OLARAK  *
C     H(X)= E^(-X) FONKSÝYONU KULLANILMISTIR      *
C   BU FONKSIYON (0,1) ARASINDA NORMALÝZE EDÝLEREK   *
C     P(X)=E^(-X)*E/(E-1) OLASILIK YOGUNLUK       *
C      FONKSÝYONUNA ERÝSÝLMÝSTÝR           *
C*****************************************************
C BU PDF FONKSIYONUN (0,1) ARTALIGINDA INTEGRALI   *
C   OLASILIK DAGILIM FONKSIYONLARI KURALLARINA     *
C             UYGUN OLARAK 1'DIR.                  *
C  PP(X)(0,1);EXP(-X)*E/(E-1)                      *
C            =|0,X|,(-EXP(-X))*E/(E-1)             *
C                                                  *
C BU FONKSIYONUN OLASILIK DAGILIM FONKSIYONU;    *
C     F(X)=(e/(e-1))(1-e^-X)'DIR.    *
C    *
C PSI=(-EXP(-X)+1)*E/(E-1) => X=-LOG(1-Y*(E-1)/E ) *
C COZUMU ICIN TEZE BAKINIZ    *
C***************************************************
C
C**********************************
C     CEVRIM DEGERLERI GIRILIYOR  *
C**********************************
C*******************************************
C  KAC TANE FARKLI ORNEK SAYISI SECILECEK  *
C*******************************************
      WRITE(*,*) 'KAC FARKLI ORNEK SAYISI SECILECEK M=?(MAX=11)'
      READ(*,*) M
C
C*********************************************
C         i. ORNEK SAYISI ALINIYOR           *
C*********************************************
      DO L=1,M
       WRITE(*,*) L,'. ORNEK SAYISINI GIRINIZ'
       READ(*,*) N(L)



104

      END DO
C
C     WRITE(*,*) 'KAC DENEME GRUBU TEKRARI YAPILACAK, K=?'
C     READ(*,*) K
C*********************************************************
C  VERILEN HER ORNEK SAYISI ICIN 100 TEKRAR YAPILACAK    *
C      MONTE CARLO YONTEMINDE BU SAYI 50, 100 GIBI       *
C                   DEGERLER ALABILIR.                   *
C     (MINIMUM SECÝLEBÝLECEK DEGERI 30'DUR)          *
C*********************************************************
      K = 100
C
C**********************************************************
C        i. GIRILAN SAYIDA URETILECEK ORNEKLERIN          *
C KOYULACAGI OUT DOSYALARI ACILIYOR             *
C**********************************************************
      OPEN(UNIT=11,FILE='PII1.DAT')
      OPEN(UNIT=12,FILE='PII2.DAT')
      OPEN(UNIT=13,FILE='PII3.DAT')
      OPEN(UNIT=14,FILE='PII4.DAT')
      OPEN(UNIT=15,FILE='PII5.DAT')
      OPEN(UNIT=16,FILE='PII6.DAT')
      OPEN(UNIT=17,FILE='PII7.DAT')
      OPEN(UNIT=18,FILE='PII8.DAT')
      OPEN(UNIT=19,FILE='PII9.DAT')
      OPEN(UNIT=20,FILE='PII10.DAT')
      OPEN(UNIT=21,FILE='PII11.DAT')
C
C**************************************************************
C        TUM FARKLI ORNEK SAYILI GRUPLARIN ULASTIKLARI   *
C INTEGRAL DEGERLERININ TOPLANDIGI OUT DOSYASI ACILIYOR   *
C**************************************************************

OPEN(UNIT=30,FILE='SONI.DAT')
C
C**********************************
C       CEVRIMLER BASLIYOR     *
C CEVRIM SAYACLARI SIFIRLANIYOR   *
C**********************************
      DO S=1,M
      TOPPI   = 0.
C

DO L = 1,K
                  INTEG = 0.
                  PI    = 0.
C
                  DO J = 1,N(S)
C
C**************************************************
C       RASGELE SAYILAR URETILIYOR    *
C**************************************************
                  PSI=RAN2(-100)
C
C**************************************************
C       TANIMSIZ DEGERLER GRUPTAN CIKARTILIYOR   *
C**************************************************
                    IF(PSI.EQ.0.00000000) PSI=0.00000001
C
C***********************************************************************
*
C            OLASILIK DAGILIM FONKSIYONUNDAN TERS ALINARAK   

*
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C ISTENEN OLASILIK YOGUNLUK FONKSIYONLU SAHIP SAYILAR URETILIYOR
*

C***********************************************************************
*
                   X=-LOG(1-PSI*(E-1)/E )
C***********************************************************************
***
C      ISTENEN OLASILIK YOGUNLUK FONKSIYONLUGUNA  SAHIP URETILEN SAYILAR
*
C X-EKSENINDE RASGELE URETILMIS OLARAK ELE ALINARAK IMPORTANCE
*
C SAMLIPNG YONTEMI UYGULANDI I(X)=Y(X)/P(X)
*
C***********************************************************************
***

                     Y=SQRT(1.-(X*X))
                  P=EXP(-X)*E/(E-1)
C                 INTEGRAL=Y(X)/P(X)   Y=P OLARAK KULLANILDI
                    INTEG=INTEG + Y/P
             ENDDO
C
C************************************************************
C  SECILEN RASGELE X-DEGERLERINDEKI FONKSIYONUN ALDIGI *
C DEGERLERIN ORTALAMASI ALINIYOR *
C************************************************************

                  PI=4. * INTEG / REAL(N(S))
C
C****************************************************************
C       ELDE EDILEN DEGERLER ILGILI DOSYALARA YAZILIYOR     *
C****************************************************************
                IF(S.EQ.1) WRITE(11,*) L, PI, PI-PIG
                IF(S.EQ.2) WRITE(12,*) L, PI, PI-PIG
                IF(S.EQ.3) WRITE(13,*) L, PI, PI-PIG
                IF(S.EQ.4) WRITE(14,*) L, PI, PI-PIG
                IF(S.EQ.5) WRITE(15,*) L, PI, PI-PIG
                IF(S.EQ.6) WRITE(16,*) L, PI, PI-PIG
                IF(S.EQ.7) WRITE(17,*) L, PI, PI-PIG
                IF(S.EQ.8) WRITE(18,*) L, PI, PI-PIG
                IF(S.EQ.9) WRITE(19,*) L, PI, PI-PIG
                IF(S.EQ.10) WRITE(20,*) L, PI, PI-PIG
                IF(S.EQ.11) WRITE(21,*) L, PI, PI-PIG
C
C******************************************************
C   SON DOSYAYA ISLENMEK UZERE ELDE EDILEN TUM PI *
C DEGERLERININ ORTALAMASI TUTULUYOR   *
C******************************************************
                TOPPI = PI + TOPPI
C
C************************************************************
C         TEK ADIMDA ELDE EDILEN INTEGRAL DEGERI ICIN *
C GRUBUN ORTALARINDAN BIR DEGER SECILIYOR *
C************************************************************
                O = 1
                IF(L.EQ.60)THEN
                 WRITE(*,55) N(S),O,PI
                 WRITE(30,55) N(S),O,PI
                 WRITE(*,56) N(S), PI-PIG, 100.*(PI-PIG)/PIG
                 WRITE(30,56) N(S), PI-PIG, 100.*(PI-PIG)/PIG
                END IF
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C
C******************************************
C         MONTE CARLO CEVRIMI BITIYOR *
C******************************************
            ENDDO
C
            TOPPI = TOPPI/REAL(K)
C
C************************************************************
C MONTE CARLO REDDETME YONTEMI ILE BULUNAN PI DEGERI *
C    DOSYALARA YAZILIYOR *
C GERCEK PI DEGERINDEN % OLARAK SAPMASI BULUNUYOR *
C************************************************************
            WRITE(30,55) N(S), K, TOPPI
            WRITE(*,55) N(S), K, TOPPI
            WRITE(30,56) N(S), TOPPI-PIG, 100.*(TOPPI-PIG)/PIG
            WRITE(*,56) N(S), TOPPI-PIG, 100.*(TOPPI-PIG)/PIG
C
55     FORMAT(I8,' DENEMENIN ',I4,' KEZ TEKRARI SONUCUNDA PI = '
     >                   , F12.8)
56     FORMAT(I8,' DENEMENIN PI DEGERINDEN SAPMASI '
     >                   ,F11.8,' BUNUN DEGERI % ',F12.8)
C
   END DO
C
C************************************
C      OUT DOSYALARI KAPATILIYOR *
C************************************
     CLOSE(11)
     CLOSE(12)
     CLOSE(13)
     CLOSE(14)
     CLOSE(15)
     CLOSE(16)
     CLOSE(17)
     CLOSE(18)
     CLOSE(19)
     CLOSE(20)
     CLOSE(21)
C
     CLOSE(30)
C
    STOP
 END
C
C******************************************************************
C     (0,1) ARASINDA DUZGUN DAGILIMLI RASGELE SAYI URETECI *
C******************************************************************
C******************************************************************
      REAL FUNCTION RAN2(IDUM)
      PARAMETER (M=714025,IA=1366,IC=150889,RM=1.4005112E-6)
      DATA IFF /0/
      COMMON/DENE/IY,IR(97)
C      WRITE(*,*) IFF
      IF(IDUM.LT.0.OR.IFF.EQ.0)THEN
        IFF=1
        IDUM=MOD(IC-IDUM,M)
        DO 11 J=1,97
          IDUM=MOD(IA*IDUM+IC,M)
          IR(J)=IDUM
11      CONTINUE
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        IDUM=MOD(IA*IDUM+IC,M)
        IY=IDUM
      ENDIF
C      WRITE(*,*) IY
      J=1+(97*IY)/M
      IF(J.GT.97.OR.J.LT.1)PAUSE
      IY=IR(J)
      RAN2=IY*RM
      IDUM=MOD(IA*IDUM+IC,M)
      IR(J)=IDUM
      RETURN
      END
C***************
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C***********************************************************
C   ADI      : PIS.FOR                                     *
C   AMAC     : MONTE CARLO INTEGRALI ILA SIMPSON YONTEMINI *
C                   KARSILASTIRMAK ICIN YAPILAN PROGRAM    *
C                                                          *
C   YONTEM   : SIMPSON YONTEMI                             *
C   UYGULAMA : DILARA TAVUKCU                              *
C***********************************************************
C                                                          *
C   This computer program is part of the book, "An         *
C       Introduction to Computatinal Physics," written     *
C       by Tao Pang and published and copyrighted          *
C       by Cambridge University Press in 1997.             *
C   No warranties, express or implied, are made for this   *
C       program.                                           *
C                                                          *
C***********************************************************
C       PROGRAM INTEGRAL                                   *
C  Main program for evaluation of an integral with         *
C       integrand sqrt(1-x^2) in the region if [0,1.]      *
C***********************************************************
C
        PARAMETER(N=9)
        REAL X(N),F(N)
C
        H  =    1./(N-1)
C
        DO 100 I=1,N
                X(I)=H*(I-1)
                F(I)= SQRT(1-X(I)*X(I))
                WRITE(*,*) X(I),F(I)
100     CONTINUE
C
        S   = 0.
        S0  = 0.
        S1  = 0.
        S2  = 0.
C
        DO 101 I= 2,N-1,2
                S1 = S1 + F(I-1)
                S0 = S0 + F(I)
                S2 = S2 + F(I+1)
101     CONTINUE
C
        S = H*(S1 + 4.*S0 + S2)/3.
C
C  If N is even, add the last slice separately
C
        IF(MOD(N,2).EQ.0) S = S + H*(5.*F(N) + 8.*F(N-1) - F(N-2))/12.
C
        WRITE(6,999) S,S*4
        STOP
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999     FORMAT (F16.8)
        END
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C**********************************************************
C   ADI      : PIH.FOR                                    *
C   AMAC     : MONTE CARLO INTEGRALI UZERINDE             *
C                       DENEMELER YAPMAK                  *
C   YONTEM   : REJECTION YONTEMI  (HIT & MISS)            *
C   UYGULAMA : BOYUT SAYISI DEGISEN HIPER KURENIN HACMINI *
C BULMA PROBLEMI UZERINE MONTE CARLO     *
C REDDETME YONTEMINI UYGULAMAK     *
C**********************************************************
      INTEGER   BOYUT,BYT,BS,T
      REAL      INTEG,TOPINT,X(11),Y,INTG(11),R,RBUL
C
      INTEGER   SAYAC
      INTEGER   N(11),M,S,K,L,J,O
C     REAL      PI,PIG,TOPPI
C
C*************************
C     GERCEK PI DEGERI   *
C*************************
      PARAMETER (PI = 3.1415927)
C
C**********************************
C     CEVRIM DEGERLERI GIRILIYOR  *
C**********************************
C************************************************
C  KAC TANE FARKLI ORNEK SAYISI SECILECEK    *
C  KAC BOYUTLU HIPE KURENIN HACMI HESAPLANACAK *
C  BILGISI GIRILIYOR *
C************************************************
C
      WRITE(*,*) 'KACINCI BOYUTA KADAR ORNEK DEGERI ALINACAK BOYUT=?'
      READ(*,*) BOYUT
C
      WRITE(*,*) 'KAC FARKLI ORNEK SAYISI KULLANILACAK?'
      READ(*,*) M
C
      DO L=1,M
       WRITE(*,*) L,'. ORNEK SAYISINI GIRINIZ '
       READ(*,*) N(L)
      END DO
C
C      WRITE(*,*) 'KAC DENEME GRUBU TEKRARI YAPILACAK, K=?'
C      READ(*,*) K
C*********************************************************
C  VERILEN HER ORNEK SAYISI ICIN 100 TEKRAR YAPILACAK    *
C      MONTE CARLO YONTEMINDE BU SAYI 50, 100 GIBI       *
C                   DEGERLER ALABILIR.                   *
C     (MINIMUM SECÝLEBÝLECEK DEGERI 30'DUR)          *
C*********************************************************
      K = 100
C
C**********************************************************
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C     HACMI HESAPLANAN N-BOYUTLU HIPER KURENIN BULUNAN    *
C    DEGERLERININ TUTULACAGI OUT DOSYALARI OLUSTURULUYOR  *
C**********************************************************
      OPEN(UNIT=30,FILE='SONH.DAT')
      OPEN(UNIT=35,FILE='SONCIZ.DAT')
C
                SAYAC   = 0
C
C**************************************
C     KURENIN YARICAPI GIRILIYOR   *
C**************************************
        R=0.5
C
C**************************************************************
C     HIPER KURE HACMININ, FONKSIYONLARI YARDIMIYLA BULUNAN   *
C          HATA HESABINDA KULLANILACAK HACIM DEGERLERI        *
C**************************************************************
        INTG(1)= 2.
        INTG(2)= PI*R**2
        INTG(3)= (4./3.)*PI*R**3
        INTG(4)= PI**2/2.*R**4
        INTG(5)= PI**2*64./120.*R**5
        INTG(6)= PI**3/6.*R**6
        INTG(7)= PI**3*16./105.*R**7
        INTG(8)= PI**4/24.*R**8
        INTG(9)= PI**4*32./945.*R**9
        INTG(10)= PI**5/120.*R**10
        INTG(11)= PI**5*2048./332640.*R**11
C
C******************************************************************
C    2. BOYUTTAN ITIBAREN KURENIN HACMI HESAPLANMAYA BASLANIYOR *
C******************************************************************
      DO BYT=2,BOYUT
C
      WRITE(*,*) BYT,'-BOYUTLU HYPER KURE ICIN ISLEM YAPILIYOR '
     d          ,INTG(BYT)
      WRITE(30,*) BYT,'-BOYUTLU HYPER KURE ICIN ISLEM YAPILIYOR '
     d          ,INTG(BYT)
C
      DO S=1,M
        TOPINT = 0.
            DO L = 1,K
            SAYAC = 0
                  INTEG    = 0.
C
                  DO J = 1,N(S)
                  Y=0.
                        DO BS=1,BYT
C
C*******************************************************
C       HER BOYUT ICIN 1-RASGELE SAYILAR URETILIYOR  *
C*******************************************************
                        X(BS)=RAN2(-100)
C
C******************************************************
C       SECILEN DEGELERE KARSI DUSEN NOKTANIN *
C  ORJINE UZAKLIGI SAPLANIYOR  *
C******************************************************
                              Y=X(BS)**2+Y
                        ENDDO
C                       WRITE(*,*) Y
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                        RBUL=SQRT(Y)
C
C******************************************************************
C           INTEGRALI ALINAN BOLGENIN ICINDE OLAN NOKTALAR KABUL, *
C DISINDA OLANLAR  DEGERLER REDDEDILIYOR     *
C******************************************************************
                        IF(RBUL .LE. 1.0) SAYAC = SAYAC + 1
                  ENDDO
C
                 INTEG = REAL(SAYAC) / REAL(N(S))
C
                  TOPINT = INTEG + TOPINT
C
            ENDDO
C
C******************************************************************
C           TOPLAM NOKTA SAYISI ILE KABUL EDILEN NOKTA *
C SAYISININ ORANI BULUNUYOR *
C******************************************************************
            TOPINT = TOPINT/REAL(K)
C
      WRITE(30,55) N(S), K, TOPINT

      WRITE(*,55) N(S), K, TOPINT
      WRITE(30,56) N(S), TOPINT-INTG(BYT),
     d          100.*(TOPINT-INTG(BYT))/INTG(BYT)
      WRITE(*,56) N(S), TOPINT-INTG(BYT),
     d          100.*(TOPINT-INTG(BYT))/INTG(BYT)
55    FORMAT(I8, ' DENEMENIN ',I4,' KEZ TEKRARI SONUCUNDA INT = ',
F11.8)
56    FORMAT(I8,' DENEME SONUCUNDA BULUNAN HACMIN GERCEK DEGERINDEN
SAPMASI ',F11.8,' BUNUN YUZDE DEGERI %',F11.6)
C
      WRITE(35,*) N(S), 100.*(TOPINT-INTG(BYT))/INTG(BYT),TOPINT,BYT
C
      ENDDO
      ENDDO
C
      CLOSE(30)
      CLOSE(35)
C
      STOP
      END
C
C******************************************************************
C     (0,1) ARASINDA DUZGUN DAGILIMLI RASGELE SAYI URETECI *
C******************************************************************
C******************************************************************
      REAL FUNCTION RAN2(IDUM)
      PARAMETER (M=714025,IA=1366,IC=150889,RM=1.4005112E-6)
      DATA IFF /0/
      COMMON/DENE/IY,IR(97)
C      WRITE(*,*) IFF
      IF(IDUM.LT.0.OR.IFF.EQ.0)THEN
        IFF=1
        IDUM=MOD(IC-IDUM,M)
        DO 11 J=1,97
          IDUM=MOD(IA*IDUM+IC,M)
          IR(J)=IDUM
11      CONTINUE
        IDUM=MOD(IA*IDUM+IC,M)
        IY=IDUM
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      ENDIF
C      WRITE(*,*) IY
      J=1+(97*IY)/M
      IF(J.GT.97.OR.J.LT.1)PAUSE
      IY=IR(J)
      RAN2=IY*RM
      IDUM=MOD(IA*IDUM+IC,M)
      IR(J)=IDUM
      RETURN
      END
C***************
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